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^ Ed Beglft recency rc«Dwsrk|d that curriculeir effox^ doxin^ tKo .1960 
taught^ a dool about now to teai^i bet?teir »atl?emat4cet but ycaycy ^ 

^little about }i0W ^ te4<^,RJa1Aen«iUc;5 bottar* The jEwxthea^ 

liJceiyjr "agree with ix>th^|rart« of this stn^e^t* l!^i0^J.ayj>aat.^ the ^ 
j^afcent, and the oloiaemtatry schckjl t^che^, however ^\gLWka|ion^^d thesi|f 
that th«» cuith^^^was really better th^w th§ •^Id ciatSi.'* At bcstr tdie 
fruits of the*mathoinatics curri«5i£lisa'^'*revoi^xtionf wero'nSt sv^eet. Many 
judga theni to be bitter^ ' . ' ' ^ s 

* While some viewed the ctirricular:. cHange^. of the 1S$/j^b to be "revolu-- 
tionary,'* others disagr^d. Thoaas.C, O'^^rien^of^bSoutJrsem.Illiftois djiv^^r- 
?ity at Edi^dsville recently W?te, **He haim. not jaad^i any ftodajnep^tal 
change in school njathematics.^l a& cites .Aliondo^zrf4r suggeateH that a*^ • 
curric^lxjifl which heeds, the w^s in which yo.ung children learn iwthematics 
np^6. Sttch a cxirrictilOT would be b^ed fifti the undeai^tanding ^of chil- 
<?)f«h*£rthii*ing and learning* St is one. thing^ howeyer#^ to recognize that 
a^ conceptual zncdel for cjathemtic^ c^irriculusi Is sound and ne^cessary an^ to 
ask . that "the d41d*s thihking and learning l^cesscisjbe hee^da it is.quite 
another txanslate tbiise ideas into a carriculm whiclji can be used effec- 
tively by the ordinary elcj^tat^^ ^^cher^wi^ng^in t^^ 

elementary SchMl ' classroom. " - ^ ^ , . 

# 

fSoreover*/ to prc^se that children's thinking processes* should scfve 
as a basisr for cxxrriculum dsvelopn^t is to presuppose that puriricttlixm 
makers agtee joi) what these processes are. Such, is not the case^ but even if 
it weire, c^iriculum laakers do not agree on the ii^lications which tlie jimder- 
standing of these thinking processes would have for curriculuai developroent. 

Ip the real worid of today *s eleiaentaty school classroom^ where not 
ciucb hope |<^x drastic changes for the better can be foreseen, it appears 
that in order to Build a realistic, yet sound basis for the m^cthecsatics 
curriculuar children* s mathematical thinking laust be st^died intensively 
in their usual school habitat. Given an opporttihity to think freely, chil- 
dren clearly display certain patterns of thought as they deal with ordinary 
oathcjaatical situations encountered daily in their 'classroom. A videotaped 
record of tHe outward manifestations of a child's thinking, uninfluenced by 
.any teaching on the part of .the interviewer, provides a rich source for con^ 
' jectures as to* what this thinking is, what mentaji structures the child has 
developed, and bow the child uses these structures when dealing with the or- 
dinary concepts of arithmetic ♦ In Addition, an intensive analysis of this 
videotape generates, sonje cwnjectures as to the possible sources of what adults 
view as children's ''misconceptions** «md about ho^ the school environicent (the 
teacher an<? the materials) "fights" the child's natural thought processes. 

The Project for xhe Mathematical Development of C3iildren {PMDC)^ set out 

i"v;hy Te«ch Kathematacs?" The Elementary School Journal 73 (Feb. 1973), 258-68. 

2pKDC is stipported by the liational Science Foundation, Grant No. PES 74- 
181C6-A03. 
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to creeuus a'^ro extotujiyo and reliable baBis on which to' build raathenatics 
cUi:riculiK{, ^Acc^rdingly^' the cc?>hasis in "the" fir? t phase is to try undo^r- 
stand tm chAIdren'3 intellectual ^.ursui^ta, specifically their attec^ts to 
acquire sense ^'basic ciia.the^aatical skills and ,concepti* 


». 


r , 

^> * • 


The PHDC, in its iaitiaJ^ phase, wi2rrks with children in .grades 1 a.^d 2. 
Theca grades seem to ccas^rise the crucial years for the d^^olopacnt of bases 
for the future learning of csathesacics, ^ince^kcy csatheaaitical concepts be^in . 
to form at these ^acte levels* The children's mathematical developi^ant 16 
studied by fiseaxis of: * _ 






1* One-to-one videotaped interviews subsequently analyzed by various , 
indivi'duals. ' ' ^ » * 


f 




2* Teachinj^ ^xperS^ments in which specific* Variables are obser'nid in a 
groi^ ,teax*l^g setting with five to fourteen childrenr 

3r intensive observations of children in their regidar classroom jetting* 


1 

' ' i 


*v *"* 
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4* Studies ^QStcmcd to investigate intensively the effect of a particular 
variable or tnedlufa on coaaauni citing matl^eaiatics to young' children.^ 




i 

;^ 


5. Fortwii testing* both group and one-to--one, designed to provide further 
^insights xaco young children's taathecatical Knowledge • 
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The >HDC staff and che Advisory Board wish to report the Project's activ- 
icies and findings to all wrio are interested ia ©athematlcal education. One 
ine|ins for accocplisning this is the PMDC publication prograa. ^ "'^ , 




Many individuals- contributed to the actiti^ties of PMDC. Its Advisory 
Board nembers are: Edward Begie*. Sdgar Edward* , Walter Dick, Benee' Henry, 
John LeBlanc, Gerald Rising, Charles Smck, Stephen Willoughby and Lauren 
Woodby* The princip^ investigatorsj are: Herlyn Behr, Tea Oennark, Stanley 
Erlwanger, Janice riak^# Larry Hatfield, wilUaxn McKillip, Eugene p. Nichols^ 
Leonard Pikaar^, Leslie Steffe, and the Evaluator, Hay Carry, A spexslal 
recognition for thi^ publication is given to the ?KOC Publications Conai^rree, 
consisting of Herlyn Behr (Chai.r«ani » Thomas Cooney and T^om Cenmark. 
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The statement "Ob© rumlpulj^iiveB to teach jraathcEoaticB*' has been 
iTep^ated so often and so'xsa^ dULffarent contctxtB thAt there dwt^cr' 
that the fitatecient will btfg^ to be *acc^pt«d to point whore the 
of aanipulatives ih teacbyJg aatheaiatics appoafs to ba a panacea. Thtre 
. arc, of course # no panac^s in the teaching of aathesaticsi yet* it is * 
apparant , th*nt thoro are aore quOBtions that need to be' anfivered about 
the vby and nov of uBit^ manipulativos to £aeiii.tate this reaming of 
oath eaa tics ^han coat writers reop^-ni^e. 

While it »ay seea intiiltlvely obvious that .usipg jjcaiupulativc aid* 
to build a concrete conceptual base will in the final ^naly&is hel^ 
ch,"<ldren to associate concepts and the. ayabo^lration of concepts in a 
tsejiniagful way^ it s^ecQ apparent that* the "^gap" b^tweep children's 
ability to perceive SAthepAtics throush feanipulatives and their ability 
to associcite . syabolisa with the concept ifi grea^. The qutriJtiqn of now 
*tjtis gap is narrowed and finally closed is a problem' that has had very 
little ^vestigation- - ^ ' 

^Then children lirst start school, they with certain intuitive 
n9tidns about mthisstatiCB. Whetf>er 'bic not these intuitive r^iorm are 

^ tappe^^^ built upon by instruction ir. our schools xs ah-op^n cfucstior.* 
This is true* because we know v^ry lit^e>about what those intuitive 
jotions of Bathcasatic© are. ^ cixii^xfe:f have VAriqui^ finger aanipulation 
strategics tix doing, addition,^ for exaxsple. Teaching practices fre- 

' quentiy discourags children frcsg using' t>hoa0 ©tr^ttegies, and indeed, 
seldom eire these strategies extended, and a relationship between chlj* 
dren's intuitive strategies and school strateg^ies dex^oloped. 

r 

This publication is intended to share *?ith the reader the information 
obtained frcsa a teaching exfr^riaent whi^r dealt with the question, **What arc 
sosje i5:psrtant variables which affect "how well children loam froa manipu- 
lative aidA:** I^fonaation about the relatis^e effectiveness of Dlenes blocks, 
counting 5ticki>, and an abacus for the teaching o£ place value concepts to 
s.econd grade children >ras invest v,„ited, Msc of interest in the cxperiiaent 
was the qxicetion of whether *y^eoAtic use cf all three o£ the manipulativti'S 
would prove to be c5o*e effective' .for learning these concepts than just one 
sianipulative. ' ' . 

The approach used in this study was that '^f a teaching experiiscant^ The 
concejyt of a teaching experiment easployed was that cf gainixig .pracu^cai and 
anecdo^tai data m a teaching-learning situation. The teachin. involved a 
teach^ %*^rking wit^h a ^aall group of children , rather .,tiUn a nonaal*'Sl2ed 
class. Because cf the ssaall groups, statistics pre&ented in this study's 
stat^isticai data isust be interpreted with caution. Of tbore interest are 
the questions and hypotheses which are suggestcJ by the inveiitigation • 

The research reported in Volumes / and II was an att<s?q3t to gairi sone 
insights about the question cf what are sxgnifxrant variables related to 
how to use aanipulatxves in tejicnmc cj^thi^^tics to childfen. The reader 

} ■' . 



will soon observe that the research method employed was different from that 
of traditional education research. Veicy smaxl groups of children were 
.involved in what was considered a teaching, experiment. This concept of a 
^teaching ^experiment represents a first (or second) step in a research 
effort* The research reported herein is not hypothesis testing of the 
j^amiliar research tradition. • Instead, it is hypothesis generating — more 
of an' attempt is made at clarifying problems for fui^her investigation 
than at answering pre-stated questions." 

The reader of the volumes, ^ill^ fiqd. data presented in various forms; 
, a great deal more "raw da'ta" is presented than, is ordinarily done in, a 
if^search report. Tbi.«? raw data is presented in such diverse forms as raw 
scores on tests, both writteni»-5tnd' clinical interview tests, summaries of 
child responses -extracted from daily logs kept by teachers of the small 
;groups, and, finall^^, a ntimber^of case studies of children irivolved in the 
experiment. ' ^ ** \ 

Voltane I contaiiis .sections which describe the rationale and, conduct, 
'of the exjf^iicent in detail. Iri addition. Volume I includes information 
''^about the results of the investigation. Volume II consists entirely of 
the fifteen case studies condyc*ted by the group teachers, z^s background 
for Volume II, the reader should refer td Chapters I and III of Volume I. 

Many individuals contributed to the conceptualization of this study.* 
The contribution made by the PMDC Advisory Board, Staff, and -Evalxiator , who 
reacted to»th& initial proposal is grateful^ly acHnowledged. Special 
thanks are due Cyi.thia Clarke, Patricia Campbell, Stewart* Wood, Judy Voran, 
and Ella Barco, who served as group teachers m.the teachir-g experiment, . 
an<^ Max Gerling, who supervised the videotaping of lessons ai^d interviews. 
Thanks are also due the project admanistracive assistant, Janelle Kardy, 

•^publications editor, Maria Pitner, and typists, Mary Harrington, Julie 

' Rhodes /and Joe Schmerler. 
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Pt;9fessor Behr is on leave of absence from Mcrthern Illinois University 
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RATIONALE F0§ THE STltOY - ^ 

2. p. Dienes ^suggests that abstracrion of a mathematical concept oc- 
curs Vhen a child has observed* or discovered the conjnonality among several em- 
bodiments (manipulative aids) of the concept. This suggests that more than oue 
embodiment may be necessary for children to acquire abstract mathematical con- 
cepts. Another idea related to Dienes' theory is that embodiinents 6.05)loyed for 
learning a concept should vary according to ;nathematical properties inherent in 
the embodiments. For example, the three embodiments — coiinting sticks, Dienes 
'blocks, and an abacus — vary an that place value numeration of vrhole numbers is 
embodied by counting Sticks based on the numerosity of the sticks, by Dienes 
blocks based on the ,coiroaratiye lengths of the blocks, and by the abacus by an 
assigned value according to color or position.. 

A number of writers ar.d researchers have raised questions about the appro- 
priate use df embodiments in reaching and learning which are Investigated 
through experimentatioi;. Many such questions can bfe out in ^the context of 
Dienes' theory. Fo/ example,. hov^,many embodiments should b$ .used? Which em- 
bodiment (s) is (are) most effective for a given concept and Why? Is the ord^r 
in which embodiments are introduced signif icant^? Does the complexity of the 
skill or task tc^be leamen interact with the number or type of embodiment (s) ? 
Does the number or type of embodiment (s) interact with characteristics of chil- 
dren? 

1%RV0SE OF THE STUDY * ^ ' 

The purpose of this clinical teaching experiment was to gather and record 
jlargely qualitative anecdotal evidence to aid in hypothesis formation with re-* 
gard to: ^ 

1. ' Thfe "differential effect of three jiifferent uni-embodiment learning 

environments on -second grade children's ski,ll (ability to demon- 
strate or confute) and understamding lability to explain processes) 
^ of 2- and S-digit numeration. ' - . - 

2. The differential effect on second grade children's skill and under- 
standing of 2- and S-dijit numeration of uni- vs. multi-embodiment 
envi ronments . • ♦ . 

' 3. The differential effect of three different uni--embodime'nt environ- 
ments oil second grade children's learning (ability to compute) and 
understanding (ability to explain processes) 'of 2-digit addition 
and subtraction. • - 

4. The differential effect on second grade children's lean.ing (abili- 
ty to compute) an5 understanding (ability to explain processes) of 
2-digxt addition and subtraction of a uni- vs, multi-embodiment 
environment. ' - 



• 
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5» The differential effect of uni- vs: multi-ernbodimeat environments 
, on second grade children's ability to transfer their knowledge of 
2-dLigit addition to 3-digit addition^ * 

, 6» . The ^fferential effect of uni- vs\ inuitireirbpdiir.ent envjlroiysents 

^on second grade children tested on. the impulsive^reflexiye measure 
•{Kagafte 1965), Ci*e,, investigate whether an ATI exists between 
cognitive style and method of instruction) ^ 

* * • ' \ * * 

7. The differential effect of children's learning and understandina of 
2-digit addition when required to transfer th6ir laanipulati-ve* 
skill on one embodiment to another within th^rec different levels 
of the mathematical variability principle* 

% 8/ The differential effect of three different uni-smbodiment learning 

environments on second graders* ability to transfer skill and uxi^ 
derstanding of 2-digit addition and subtraction algorithms with 
* regrouping to 3-digit addition and subtraction with regrouping, 

9. fhe differential effect of uni-embodiment and multi-elcbodiment * 
learning environments on second gr^ers* ability to transfer 
skill and understanding of 2-digit" addition and subtraction al- 
gorithms with regrouping to 3-digit addition and subtraction with 
regrouping. 

ir. RELATEP RESEARCH 1 

The relajted research in the area of the -xse of roemipulative^aids m the 
teaching and learning of mathematics falls into two broad categories. Cne cate- 
gory of the research on manipulatives is topic or content oriented. The main 
tzh^ust of these investigations has been to determine the ^ole of manipulatives 
or the relative effectiveness of a manipulative or ,nontiftanipulative approach on 
the learning of a specific grade level. 

In a s-tudy ^ith three- and four-year-olds, Williams (1969) found that 
environmentally deprived children were able to learn basic concepts in linear 
measurement using a manipulative learning aid that he design^. The aid 
enabled the child to see in concrete terms the size and space relations u^ed 
^ in linear measurement concepts of one-half, o^e-fourthr and one-eighth. 

• Pan ^balances and mathematical balances were used to instruct first: grade 
pupils in the basic addition facts in a study b]^ Da§hiell and Yawkey (1974). 
Comparing these two manipulatives, they, fpund the mathematical balance to yield 

^ significantly better results on a standardized test on addition facts. 

• Steffe and Johnson (1970) ^investigated the problem-solving abilities of 

' first graders. They gave a 48-item test and compared performances of children 
J who were allowed free use of manipulatives m solving the problems with children 
who had no manipulatives available. They found that the group with manipulative 
aids performed significantly better than tire deprived group on all but one of 
the*dight problem types in all but one of the four ability groups. 

' . study, of related research appears in Gerling^ Max, and Stewart Wood 
Literature review; Research cn the use of manipulati/es in mathematics learning . 
PMDC Technical Report No* 13. Tallahassee, Florida: riorida State University^ 1977. 



In another study with first graders^ Prindavifie {1971) gave 24 supplemen- 
tary lessons* cn place value, order of numbers t*^OC, and two-place addition 
and subtraction. The two classy using ^manipulative materials and language 
training significantly outperformed the control group in the postte^t and rer 
tentfon test* . ' . 

DePlandre {1974) field tested a unit on^place value n\imeration with second, 
third, and fourth grade classes. He concluded that thxs unit, usxng manipulative 
aids and multiple embodiments,- was an effective way to teach place value numer- 
ation systems and express these, abstractions in symbolic form. ^He also concluded 
that children who studj^ed this unit coul<^ not transfer the concept of place value 
numeration systems to addition axid subtraction at a symbolic leve)L. 

In a study involving the recall of basic multiplication facts / Babb (1975) 
compared three treatments given to second graders; "a textbook approach ^ a mani- 
pulative material approach, and an imagery-mnemonic approach. He found" the ad- 
justed mean recall score for the manipulative gro^jp to be significantly higher 
than that for the imagery group, but no significant differences in final recall 
and coj3K)rehen£:on were found between th3 manipulative and textJx)ok approaches", _ , 
although the manipulative approach yielded a signifidantly hi^er attitude score. 

In another study ,oi instructing third graders in mul'txpli cation, using four 
different treatments, 'Moody, AbelX> and Bausell (1971) found no significant dif- 
ferences in any of the four treatments: activity-oriented, rote% rote-word . 
problem, and control* The validiwy of this study was strongly questioned by 

Holz (1972) in his critique of the article reporting"" their study. 

... ^ . 

Nichols tl971) compared two methods of instruction in xaultiplication and 
division with thira graders* "She found significant differences favoring a ma- 
nipulatJive approach with pupil discovery over a semi-concrete, abstract, approach 
in all the 16 hypotheses of the study. 

' - f 

Several studies involved various approaches to the teaching of fractions. 
In a study by Brown J1972), four rppiT^ches td^ teaching equivalent fractioj^s to 
fourth grade pupils yielded. the results that a textbook approach was inferior 
to three other approaches: the textbook with film, textbook with manipul^tives , 

.d textbpoks with filk and manipulatives. He also found the textbpok-film- 
i«unipulative approach to yield significantly higher mean scores than the other 
three groups. 

Bisio (1970) investigated instruction in addition and siibtraction of like 
fractions in grade five using three treatments: no.m^ipulatives^ teacher- 
demonstrated manipiHatives , and teaqher and student us^^f manipulatives. He 
concluded that the demonstration use of manipulative materials appeared as ef* 
fective as use by the student and was better than non-iase of the manipulatives.^ 

Green (1969) canpared the efrects^^f two instructional approaches and two 
instructional materials on the teaching of multiplication of fractions with 
fifth graders. She concluded tixaz diagrams and manipulative aids were equally 
effective in the learning of multiplication of fractions, and an attitude test 
showed that pupils liked the diagk m approach better than the manipulatT/e ap- 
proach. 

3 



Purser {19'73) investigated the relation of. manipulative activities, achieve- 
ment, and retention An teaching fractions and decimals to seventh grade pupils. 
He found ..tho group ijsing manipulative activities had significantly higher scores 
on posttasts and' retention tasts than the group using only gaper-pencil typ^ 
actlvitii^s. Bledsoe, Purser, and Frantz (1974) reported similar results in^the 
Journal for Research in Hathesiatics Education the following year/ \ 

Coltharp {1968) compared the effectiveness© bf a concrete artd an abstract 
approach in teaching integer ari&metic to sixth graders. 8e found no signifi^ 
cant differences and concluded that pupils taught addition suid subtraction of 
integers by an abstract, algebraic approadi achieved. as veil as those taught by 
a concrete, visual approach*' 

Bring (1971) investigated the effects of varying concrete activities Qn ^ 
the achievement of fifth and sixth graders in. learning topics of geometry. He 
found that j^nstryction using concrete activities produced higher achievement, 
higher interest, and lower anxiety than insti^ction '^.-ithout concrete activities. 

iiL VEsm Af!V mv'm of the EXPBmmirr 



The experiment was conducted in a public elementary ^d|ool in a city 
of ,^5,000 in the Southeast* The .area..se^^d,by the-school inc ladies many 
families of a lew socioecor*otaic status, itoout two-d{i)^ds of the student 
botiy were £ro?n these fillies/ Also included in the eifea serv4d by this 
school is the marrxed student housing complex foj: a large univerHftf. the 
school has a rather binK^dal .distribution of children according to ability. 

TEAmm GROUPS, • ' ' ^ 

The treatment (teaching) groups for the study were formed by a' rank-order 
random selection procedure. This was accomplished by riakirig the 30 children 
w^t^in an intact second grade clAss acpording to tiaeir .total score on the^ 
KeVMatn Diagnostic Arithmetic Test. Six st5jat;a. of 5 children were, formed whic^ 
also indicates 6 levels of ability as measured by KeyMath total scores. Each 
of the children within each of the six strata was randomly Selected for one of 
^the five e^perintental teaching groups.. This reSuXted in 5 teachinfcf groups 
which we^e comparable in ability as indicated by^ KeyMath total scores* Each'of 
the 5 teaching groups ranged in ability from children with very low KeyMath 
scores to ^Idren whose secures were quite high. Unfortunately,, a number of 
children in,sc3me groups "moved from the school during the :}^ear; this reduced , 
the number of children .in some groups and also destroyed the ^ui valence of the 
groups accordiTig to ability. Ai control group was seliected within the samd 
school from, among second graders who were assigned to work within the 3rd grede^ 
class. ^The means, standard deviations, and rangesr of the KeyMath scores and 
Otls--Uennon Mental Abilit^ (IQ) Test scores ar^i given in Table 1. 

ft • ' ' 

For purposes of analysis only the data from children who remained in the 
teaching croups for the entire year were \;tsed. 



Table 1 " . . . ; 

. " ■» - \ . ■ 

> KeyMath emd O.txs-Lennon mean "score, standard devflttions, and range by 

gsioups. ...... ^\ . ' ^, t ' • ' ' 



KeyMath » Oti^'-Lennon 

. sta. ■' ".-v V ""stai:"": ' ' 

Gxo^^ S Hean Dev. • Range _^ '^ean • -StevI Range 
" ' ' ] ■ " ' 28 6'? • ' 

" ' 'Ul ' 5 49.40 14. X8 (0.7 - 2.2)* 83.00. 10/84 69 - 109 

25 - 79 . 

U2 E 50.60 20^18 (OiS ~ 2.5> -93**40^ - . 9.^2-1 88* 94 
• 'i - 

37 - 74- ' 

03 6 Sl.'OO 14-. 53 (1.1 - 2.4) 94.50 • ID.. 27 73 - 131 

' ' *51 - 93 .. 
M 4 67.25 IS. 76 ,(1.7--. 3.0) ?9.25 > 21.16 v 75-- 124 

■ ' ' . * ■ -35 66 " ; 

2M 4 4e'.O0' 14.-54 (1.0 -2. 2 > 85.25 , 8-92 75 - 96 

\ ' '\ 67 - "lOQ, 

".-C'-^S*" 78.-00. 13.30 (|:2 - 3.2)- + , + + ' 

. . 

^ i . • i*- 



- ^"^Grade equivalents of the total ^aw scores 

'^Otis-tennon IQ scores were not ^vatlable^ for pne control group/ 

It is evident from Table 1 that, the gro\:5)a were not equivalent in ability , 
as indicated by KeyMath and OtisrLennqn IC scores after some children had moved* 

^TBAmNG hiATEKlALS ^ . ^ 

De.taxled teaching materials were vritt^ by .the investigator. These mate- 
rial9,are described In aJ.ater section of this report* l^e essential difference 
4iw>ng*the teaching materials for the groups Ul, U2, U3, M, and 2M was the embodi 
ment(s) (manipulative aid(s)) used'for teaching and learning in theft group* 
Thisse were as: follows: ' ^ 

Ul*— counting sticks : ' 

U2 — Dienes b^locks 

U3~abacus 

M~counting stid«5/ Dienes blocKs. and abacus . 

2M — counting sticks and unifix cubes, Dienes- blocks and graph paper, and ^ 
the abacus and colored chips 

. ^ • 5 

IS ' 



Appropri$^t<^ fnani^ulatives ware purchased so that each child and teacher .had W- 
tferials for Kxs/her own use. " \ 



WOSE.A/^ P/^ItO^PHi^ 5f the TEAmHG mups 



.ihe ejiibodiments (manipulative aids) used xn^fehis «|;eaching eijperiment can be 
conjsi^er^d't^ represent three categories of majnipulatives. These' categories \can 
be defined ^cording to the way in which the etabodiment .reprlisentsl the groupjlng 
of objects^ so that base ten numeration is reflected* Counting sticks j^epreseivt 
a caiiegory of erbodJLinents which can be characterized, in ^at: a grom of ten (1 
ten) Is divisible into ten sticks_(10 ones). This distinguishes ofaunting sticks 
fjroi^ pienes blc^s7"^ In the Oienes blocks embodi^nt the long 11 pn) is exactly^, 
eguai to ten units placed end-to-*end. However, in thi^ system the. long. (1 .ten) \ 
is fixed and cannot be divided or separated into ten units (IQ, ones) • . Another 
category of einbodiments, for. base ten numeration* is characte'^ized^ by an. abacus. 
The idea of 1 ten being equal to 10 ones is exemplified in this embodimen|^ only 
by a value assignmen.t to tihe successive rods on the abacus, Th\i3 the abacu^ 
is quite different in this respect from either the counting sticks o^ Dien^s 
blpcJcs. ' ™. ' ' * 

. .." • ^ • ■ . - ^ A 

Teaching groups Ul, U2/ and U3 were, formed in order to 'gain information 
about whether second graders leam mathematical concepts more readily by using 
any one 'of th«$sa three embodiments over another one. Teaching gtoup M wis formed 
in order to ^ain information about whether or not second graders learn mathemati- 
cal concepts more readily by using one 'embodiment from each of the three cate- 
gories rather than. one from ariy of the three • . \ ^ ^ 

The teaching philosophy in groups Ul/ U2, U3, and M was very similar. It 
was a demonstratron-discussion-practice mode. The group teacher would demonstrate 
^ow the ^embodiment was to be used to represent a concept or perform Un operation, 
a'fter which the children practiced t±is- representation' with guidance from the 
teacher. Thus the children's, learning could be characterized as having been 
acquired through imitative behavior. That is not to say that children were not. 
encouraged to be creative with the manipulatives , but the general mode of in-- 
sxrruction was basically demonstration and discussion followed by practice. The 
briginal purpose of the 2M group was ^related to a learning theory espoused by ' 
.Kerrill Wittrock (1974). According to .this theory our second graders' learrtiiig 
of mathematical concepts would ha^/e been facilitated by requiring the children 

to ^'generate new knowledge" — that is, by applying what Wittrock refers to as gen- 
erative processing. It was intended that the -teaching philosophy for the 2M 
group would incorporate this notion of generative processijig. This was to have 
been done by having the children "extend their imitative-behavior J,earniag about 
the representSticn by one manipulative in a category to anoti;er manipulative in 
the same category • This was required for a pair of manipulatives in each of tKe * 
three categories' as follows t Prom counting sticks to unifix cubes, from Dienes 
blocks to graph paper, and. from the abacus to counting sticks. ^ 

' ^ * 

In retrospect it appearsrthat no real generative processing took place, at 
least HOC Ipeyond the first lesson. It appears that once children made the ex- 
tension from one manipulative in a category for one cortcept, thereafter the ma- 
nipulatives within a category , became interphangeable. In this sense the teaching 
group really became a group using six embodiments, two embodiments in each of 
three categories. , . 



Xl/j THE.TEACHXW6 mTERIALS AWt? StUPEKrr REACTIONS V ' 

IPhe instructional xaateirials for each of the groups were deyelopad 
to t^ach the standard nuirbei! relatred concepts ~ place vafue, additioj^, ' . 
. and subtraction — in grade, 2 • The lessons "were ^evefoped.in groups * 
according ^o the following topics ^ ^ v . ' 

\ ' ■ ^ \ ^ , ' . ^ ."^i " ^ 

' u . 2-digit Tn&eration - 7 lessons - . ' " ^ 

2* A^^ditioh Without regrouping - 4 lessons ^ 

' 3-, Sxibtracfeion Without regro\5>ing - 4 lessons \ . a. 

-4. Addition, with regroiping - 3 Uesson^ ^ A 

, , 5*' Subtraction without regrouping 2 lessons ' . ; 

' " ' ' • * ^ • ' ♦ ^ ' \ I 

6* 3-digit' ntaneratxon ^^2 lessons . * 1 ' 

^ * No attenpt ^as made to have *a 'lesson correspond to onS day of instruc- 
tioAf ra^er eaqh lesson ^was, designed to'^reflect a^small unit^f instrucr 
tion. Each .lesjsbn in the 22 lessqn sequence was written to.l^gin iii- ' * 
stniction at the' enactive ^ (inani^)ulative) phase and continue it through' the 
iconic (picture)., and l^hnbolic phases* . ^ 

Dxiring %he enactiVe phase, of instruction children •were taught how to 
perform certain tasks using the manipulative (s) of^the ^rqup* All question- 
answer interaction between the teacher and chiWren was either in the oral- 
manipulative order or the niknipulative-or^l order** No syjribolisin or pict^ixes 
were used in this phase > * - ' ^ 

During the iconic phase childxen were to , use manipulatives to suggest 
a static situation or ^equence depicted by a picttire {or pictures) of the ' 
corresponding manipulative 7 and conversely to^choose .and sequence picture (s) 
to reflect a manipulative display. The. characterizing featixre of the iconic 
phase was that the question-answer interaction between teacher and children 
was oral-picture/ manipulative-pi ctxire, picture-manipulative/ or picture- 
qtal* ' No symbolism was. eii5>loyed during the iconic phase. 

During the symbolic phase diildreil used manipulative aids to solve 
problems presented symbolically and orally / or gaye symbolic and oral answers 
or e><planations to situations presented orally^ with manipulatives or with 
pictures. An attempt was made to involve the teadher and children in each 
of the following question- answer orders: symbolic-manipulative^ symbolic- 
picture/ symbolic- orally, manipuJ.ative-oral^ manipulative-symbolic, picture- 
symbolic, and oral-symbolic. . 

The lesson materials were organized into units which included very 



det^ieyi^ ^paid to the group teacher for demon stratii^ns and questions to 
presented to tt)e' children. The. lesson materials for class ^instruct Ion 

"w^re^writteiv.in.-.a two-coluinn Sbrxnat. One col\jQnn was headed "!|0" and the , 
ptfier using questi^^ direct conananda, or what- • 

ever is/bosafortabte to you^ DIBECT TKB CHILDKEN TO." ^ In the *jDq" cojuran 
were, listed in detail situations the teadter would present to the children, 
icn. the Atker column in detail^ were giyen* activities whic^ the teac^ier was 
to direct the children, to do. It was felt uhat,th5s format: provided maxi- 
irqm' ^poid^ asstire^yniformity of instruction among the ;in^taaictional 

grotqgs^^Vet allor^ed. the grotp teacher to adapt tlie instruction to his/her 

. Se^scniE^li^- The instructional materials for each treatment ^oupjVere 
4ip^aii,el the-^kind and order of the activities use^. 



Sanprles of phe lesson materials are presented, in Appendix A. i 

,4 ' « 1 " 

-I V * 

toe broad objective .of this sequertCe of lessons, lessons. 1-7/ ^as to 
extencf^the children's nui&er concept to nujftb^rsMn the -rsihge 10^^9, nxinbers 
named bjr 2-digit numerals. In the lesson sequence J \special emphasis weis 

* given to providing activitite, which wpuid develop the following concepts 

* associated with 2-digit numeratioq. ' - - .-^ 

.1. That 10 un^it objects represent ithe same numne);^ as one 10-object. 
' That is, titat^lO ones is equal to l^ten* 

^ * , ' , , . 

2. Thac numbers in this range (10-99) can b« thought of ajs ten^ and 
^, ^ ones. Fbr exaii5>le, that 24 is^2 tens and 4 ones. - * ' 

^ " ^ ] ' ' ■ . ' , 

3. That ntombers in this range can be thought of ^ a multiple of ten 

and ones. For examole, that 24 is twenty and 4 more. 

4» That umbers in tJ;iis range can be thoi^ght t f as ones.. For exanrole, 
24 can be thought of as 24 one.>* 

f Lesson 1 introduced the manipulatives to the chil<3xen* The lesson 
began with period of free play with the manipulatives followed by stru<p- 
txured Activities leading to thfe notion that these objects could be use<^ to 
represent numbers. 

The broad objective of lesson 2 was to associate 2-digit nume2;als — ^pral 
and vnltten— with manipulative and pi cture-of -manipulative displays for 
.numbers and vice* versa. Activities were included which related to the four 
concepts listed in the previous section. For examgl^^, in one activity the 
teacher would display a set of unit objects, then arrange them'' in sets of 
ten and one set of fewer than ten. and then replace the 10-sets by a repre- 
sentative of 1 ten. ^ Interaction between the teacher and cnildre^i dealt 
with questions about whether the number changed; that 12/ for exaii^^e> is 
12 ones, 10 su\d 2 more, 1. ten* and 2 ones. Children were also given the 
npportuaity to manipulate the objects to reflect these different views of 
the same number. The numbers^ used in this lesson rcuiged from 10-32, with 

8 • 



ittost activities concentrated on ntisibers less than 30l The time taken for 
lesson 2 was •about tv% days for the- sing le-manipxalative groi5>a and six days 
for the xm4ti*-manipuriitive grot5>s. 

Notes f ron the logs Jcept by 'xroup^ instructors suggest that soite • children 
had difficulty counting a display with a .representative of ten and some oi\es 
Tq pcJint at ^the te^i count on—^lO, 11, 12, -proved to be difficult for " ^ 
same children? they needed to count the rep^ entative of ten and" say/ "1, 2,- 
3^ 10, 11, 12,^ It appeared tliat no chiioreh had difficulty trading one 

representative of 10 tor 10 representatives of s>Jie. In. all of the groups ^ 
children ^ad difficulty con5)l^ting^-stateroent like . tens and ^ ones to 
correspond to a numipulative or picture, display; however, the children were 
able to tell how xnany texts and ones^ when this question war pr'esente^oraliy. . 

^ The broad objective of lesson 3 was to work on tne nripiber concept for 
numbers 3,0-20^ Activities^related mostly to co\mting^ activities and reccr-* 
dlng~~Ehe numbers m order* Numbers were identified by the children orally 
in response to the teacher's manipulative displays. The counting sequence 
was shown in .three ways: with manipul^tives, .by; ordering pictures, and 
syjpbolically^ Special ecphasis Wc^s given tc observation of the pattern that 
K) is 1 ten and 0 mbre, 11. is 1 ten and 1 more, etc. As the sinsle-maiupula- 
tive groups neared cbitpletioti^o'f this lesi^on, it became apparent that the 
difficulty which children wer^ having with .exercises like theVcon^ileti'on of 

, . longs and uirits 

' tens and ones 



to correspond with a manipulative displaji o** pictura was due, in part, to 
their inability to read the words longs , ' ujiits , tens , and ones. Therefore 
a sx^pplement to lesson^ 3 was written which gave practice on the reading of 
vocabtilary appropriate for each group. The. reading and vocabulary activities 
were conducted within, the context of number activity. The length of time 
required for the lession 3 supplement varied conniderably among the groups* 
The vocabulary for the U3 group involved^ only the words tens and ones ; whereas 
the 2M group was poncemed with the words bundles , sticks , longs , units , rods , 
cubes , strips , squares , as well as tens |<md one s. 

The activities of lesson 4 were related to thf^ objective of developing 
rational counting by tens from 10 through 90. Children were given activities 
which required them to give orally and Symbolically the numerals as the 
teacher displayed successively 1, 2, 3,j'|..., 9 representatives of 10, to give 
successive representative as the teacher gave t;ie nuntoer names 10, 20, 
90 orally and symbolically, and to order pictures of manipulative display 
having 1, 2, ...^ 9 representatives bf'ien. 

In lesson 5 the actual considerati(pn of place va^ue and the value o£ 
digits in a 2-digit numeral was begum.. The stated objectives for the symbolic 
phase of -this lesson were: 



1. -Civen a manipulativo of a picture-of-manipulative display of a 
• - ^ niHabor like 64 to; 

^ , aJ. Write ' the nvttcjber 64, 

Ring the digit which tells there are; 6 tens, ^ ' 
• ' ^ c* Ring the digit which tells there are 4 ones. 

2. Qlven a nximeral such as 64 tp? ' 

a. Give a taanipulative ot choose a pictiire-of-manipulative * 
display for the nuaiber^ \ 

b. Point to the objects ot i^ing the part of the picture to showi^, 
that t^e 6 in 64 means £0^ ^ ' ' ^ 

~ — \ ,c. Point to the objects or ring the part of the^pictiire to shovf 
^.that the 4 in 64 means 4 ones. 

iVpprc©riate modifications of these statements to reflect only non- 
symbolize activity -define* the objectives for the inactive and iconic instruc- 
tional phases. Activities were included for numbers of magnitude such as 
92, lit 38, 83, 10. During jdiis lesson it was bbserved that children had 
considerable difficulty dealing with numb era og ^is * magnitude' at this time. 
.Therefore it> was* decided to write a sv^piementa} lesson — lesson 3S-^to 'gi7e 
children more experience with' number^^by decat^es* Thii^ lesson 5S was 
writtien to essentially d'im>licate the activities pf lesson % for numbers 
20-30, 4'0-50, and 80-90. During"the symbolic phase of lesson 5S the place 
Value"^ chart was' introduced as an aid for writ^ng^ 2-digit Yiumeirals. 

The title for lesson 6 was "Place vdlupr expanded notation, and 2-digit 
numerals 10-90." The stated objectives for the iconic instruction phase 
wej^e as follows:* ^ , . v 

1. Given a pictured manipulative display for a number lilce 64 to 
orally express this number as 6 'tens plus 4- ones, ^ixty plus 
four/ and sixty- four. • . , " 

2. Given any of threj oral expressions — 6 tens plus 4 ones, sixty plus 
fouT/ or sixty- four — for a number. like 64 to:'' 

a. Choose toe correct aicture-of-manipulative display, 
b^ Give the other two otal expressions* 
' ' ' " • . * 

. ^ Appropriate modifications define the objectives for the enactive and 
symbolic instructional phases. Incladed in the worksheets for the symbolic 
phase of lesson 6 were exerdises which required the children to con?)Ute 
statements : 

• * • 

tens 4- ones 



for pxcture-t3f-manipulatiye displays for numbers. Some dhildr'en, particu- ' 
larly those of loweij ability, would write 40 tens + ^ ones and some would 
, write 403 for the number forty-three. At tliis point in the instruction 

10 
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such. vndLtten exercises as this continued to cause SiOme dlf £icxd.ty for bcsoq 
children, probably due to a reading probldm. 

Lesson 7, the^last lesson of this first lessen sequence, de-\lt with 
ordering numbers named t?y 2-digit numerfils. The stated objectives for the 
three phases of instruction were ^ follows ^ 

Snactive phaise ' . • ' • ^ 

1. If shown a jnanipulative dispJLay for nurab^rs like 12 and 19, to 

a. Tell which display has inore (fewer) objects, 

b. Tell which display repres<^t£ the greater (lesser) number. 

2. If read a statement like nineteen^ is Ifess than twelve, to show that 
this is true or false using icanipulatives and a 1-1 correspondence 
idea. 

Iconic phase . * 

1* . If given a picture-oj^-iaanipulative display "for two 2-digit numbers , 
to . ' ' * . 

a. Say the nxnabefs shown ^ 

^ b. Tell which display has mix^ objects, , • 

c. Tell which displacy has less Objects, ^ 

' d. ' Tell which display shows the greate^ number, 
-e- Tell .which 'display shows th€^ lesser, number,*"^' 

f. Say the; appropriate "is less than" sentence, \ 

g. Say the appifopriate "is greater than" sentenqp, 

2. Given a set of pictu^res-of-mimipulative displays, to sequence them 
in increasing (and decreasing) order. 
^ " »»' 

Symbolix; phase " 

1. Given ^ pxct\ire-of -manipulative display for two 2-digIt utrnbers 
. x and -y (x < y) to 

* aT: Write the jniinerals for the numbers shOtrT:, 

b. Order the pictures left to right in less to greater order, 

c. Say the sentence x is less than y, 

d. Construct with word and symbol cards the sentence x is less 
than y, ' . 

e. Construct with symbol caxds the sentence x< y^ 

f . construct with 'Word and symbol cards the sentence y is greater ' 
than X, 

g. ^ Construct with symbol cards the sentence y>x, 

h. Write X <1 y , v 

i. Write y > X. ' - 

2. Given two 2-digit nximerals, to 

a. Ring the nmeral wKich "is less," 

b. Box the numeral which •'is greater,*' 

c. Con^lete th^ appropriate ,^ sentence, 

d. Complete the ajjpropriate ^ sentence. 
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ft. « 
The following excerpts taken fzcsz sxjraaari^s of the group insTtmctprs* 
logs ijxa ^fiven in an attessJt to present children's reactions to of the 
oaterials.on 2-digit nua^^ration^ 

Lesson 2 > . * 

\ Joe Berny, Cubby, ^^rett, and Phil were able to count various stick 
displays and qruickly learned that a bundle consisted of tea sticks, 

Carrie had difficulty jcountlng sticJc displays because she was unable 
to do National countJ.ng, ^ * 1 

Cubby had difficulty ordering pictures (to correspond to a demonstrated 
s^equence of manipulations^of the sticks^. Catrrie.had d^-fficulty 
^ drdering pictu5»?s becausye 'she is unable to do rational countijag* 

.Carrie ... is beginning to learn rational* counti^,g and knows that 
there are ten sticks in a bundle ' , . * • * 

Joe Benny . . • called i ^en, 10 tons^ 

All students had diffictilty gotng from the step tens and- ones 

to _^ and on answer sheet. 

.Brett showed 39 by placing 4 bundles and reisoving 1 stick from one of 
the bundles. ' * * 

Carrie xs beginning to ec^ploy rational counting and has learned to 
separate sticks into tens. and ^ ones. 



fceiia, Washington, ^»nd Duke prefer to shew numbers like 14 with long 
and units Srather than all units. 

" Du>:e jias to count the urits m 2 Icings in order to answer how many; 
everyone el^e knows "70.'' 

In counting pictt^res showing a loftg and ronie ^its, all children except 
Duke count on from 10. 

Children cannot obser'/e the entire trading sequence and then put 
pictures in order; they can find picture for each step of the proces> 
as It IS being done. 

Duke and Celia have trouble with tile lines ** tens and ^ones**; they 

usually fill m 10 tens and ones (for a display for 14} 

For Duke and Celia, tne prmt^ word "ten" doesn't seeo to mean a thing, 

I 
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Trading (ten beads on thei 'ofies for a (bead on the) ten vaa easy for 
everyone* , 

prdering pictures (of the abaciss to sbov^a trading se?gaon?V) was e^isyi 
icids. ordered thea before 1 could go through tlie seqiitoai* 

They (two of th«* children) *vrote 12 as 10 tens and 13 ooc£» 

For ** ^^" ^ , , cnos** Annie put, for 14, ^ and 10 onesi didn't ©ee 
the. i>attem* , ^ 

Paul, Kate, and Annie frequently^ wrote 10 tens in^aead of ^ ten. 

Annie carmot read (give an oral response for) (my 2-digit xns^als,- 
but she can oHtiw it on her i^cus If she sees it vrl^ttbn* 



AJex and Kaj^l have trotible ordering pictures to shov xsanipitlations 
involved' in bundling and^ tra^ctg. 

Children have no troii^le initating stich (block ) pictures with blo<^ 
(siioJi) ;aanipul?tions- , . 

On cxau^jles where the nuzober is gr^tater than IS, all cblldxeti have 
trouble locating sufiicieat sticks or uni-ts vxthout losing their 
•^place** the cotmting sequence.. 

C.-^lvin and April coaibine tise of stidcs and blocks to displa^ arsouats. 

Lessens 3 and 3S *^ ^ - . 

When wked to show 2C, Brett counted cut 20 sticks and thcx^ ^de 2 
bundles of IQ. . ' ^ • 

When asked to count frca 10 to 2"^} Joe &dnny started at 1. 

Phil was only one who kne^ what to do t J ordfer pictures frm 10-201 
he found 10, searched for 11, 12, etc. Other children put out all 
pictures and started shifting thes^ back and forth with no notlcea&le 

Opie had difficulty reading words: bundle(s), stick (a), ten{s}|. and 
one(s}i by the end of the period, however, all but Carrie had learned 
words and could dxeplay correct stick display in response to written 
stinuli. t 



In ordering pictures, Celia and Washington counted the ufiits {ignoring 
the longs in each picture) while Duke counted the total number in each 
picture by l*s. - , 

Duke new counting by tens and ones corre^:tly. c 

When asked how much' 2 longs and 3 units is without af block display, no 
one could answer. 

« * 

In writing numerals* from 11 to 20, Celia focused on' xxnits again, 
anticipa^ted by-' displays, wrote 17,- 13^ 19, 10., 



Girls preferred showing teen nuqibers on ones rod only, no tens. 

Kate to<^ Paui cauaht pn tb "slioS:^7^cut"-^iust add another ^one to sl;iow 
pext larger nuinb'er insjfead of cl&^m^ the abacus^ v 

On worksheet with form. ^and ones ' 

J> * , tens and ones 



Claire 'and Kate wrote^ 3 digits on botton line, 203 for 23, etCi^ 



Aj^ex and Rxchard can fill in bundles anc ^ sticks but- n^d 

verbal cues ro fill in tens and . onesy 

Alex 'had 'trouble or^erin^g pictures and correcting frotiul2 to 15, Task 
cliallenging for all. 



•Th^ ba^diffi<?ulcy going from ,2 longs -i- 3 units 20 r 3. This U 
.partly due. to a r^^dTding problem. Th2y seem to.^iiow that 2 longs is 
20,. but jusjt donVt know^here'to write iL. ^ 



^ Stiil problecis with i^ens and ones. It is- obvious that they 



"know^' more tha^ they are able to symboiize.v 



Tommy counted a bundle an<f^9 stJtks by mistake vhe^i tr^i^ t6"show 17. 
Instead of recountina Ife took 2 away^ '** ' ' 

Lesson 4 . 

% * 

All children were abl^^^^o tell h<y^ many when ^9 bundles were displayed 
and all could display correct number of ^undies for numi;prs 10-20 when 
given orally in se<juence'. C 

Phil, Opie, and Joe Benny ordered pictures 10--90 corxectljr' and knew 
what to do immediately. f 



All students coxx count longs, by tens to 90 and answer questions like 
"How many tens in 90?" with their block displays* in front of ^em. 

All children can find bicture (of 7 longs) that shows 70 and answer ✓ 
the questions "How many tens in 70?" and "How much is 7 tens?" 



Worksheet with "9 tens - and' tens = 30" cavsed trouble. 



When asked to tell how many in a display {elg. , 40) Kafl and Alex 
first count how many tens (1, 2, 3, 4 bundled or longs) then trans^ 
late 'it (40). 

Ileviewed reading words [long(s), (bundle (s) , .unit (s) , stickCsj, tenisY, 
one(s)]. Alex literally wilted—slid under the table- But he was fine, 
interested, working on Lesson A before, the word cards* 



^ When I read "rhirty," Mary wrote 30. Later when I wrote 30 and asked 
her to di$play she asked "What's that number?" 

Lessons S ^d 5S , , ' 

All children started the c^rdering of pictures from 20-30 in the fol- 
5 Ibwing ord«:: 21, 22, 30 and became- puzzled as to where to put 

ihe 20. 

Carrie and Cubby still had ^:rouble ordering 20-30 sequence. 

All were able to order 40-50 sequence. However, Phil, Cubby ^ and 
Carrie had trouble ordering 80-90 sequence. 

-All seemed to be able to tell how many tens and ones were xn a 2r-digit; 
nunber but all had difficulty determining how many ones in a particular: 
"2-digit number.'^ * * 

' they had difficulty detenaining the value of a ringed digit (tens 

or ones) . ' 



First experxence with r^umbers greater than 50. 

When counting a block display I have made, Duke and Washington tend to 
count both longs^and units by 10*$; Washington catches himself and 
corrects, but Duke can't. Others do OK. 
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Duke and Celia Qontinue to have trouble counting blocks in roy display 
—they gee going by 10 (by rote) and don't shift to ones appropriately 

In ordering pictures in a decade they beginni^^g and end (e*g, , 40 and 
50) were troublesome to all children. % 



Kids wanted to ^ay/ to answer how many* tens and how many ones^ "5o and 
3 ones," etc. They couldn't say **2 tens," but vould count and say 
♦*20-" ' ' - . - 

Everyone, did well using {place valued-chart) and abacus picture, even 
Annie, though she couldn't read what she wrote* 

Everyone could find picture for a numeral* Everyone ha'd |:rouble 
converting 3 tens to 30, usually wrote only first digit / without zero*. 



Hard to break rote habit of 10, 20, 30, 40, rather than counting 
10, 20, 21, 22, 

Children had shown 85 with sticks; then I asked them ^to shov£ 81 with 
sticks. Karl and Alex put the 35 sticks back in their boxes and 
recounted 81. Karl hesitates and counts over and over again, when 
going*' from te.ns to ones; e.g. , '{for 45) *'10,', 2d, 30, 40*, i.. 10/ 
20, 30; 40" over- and over again until he fin^illy says, •*i0, 20, 30, 
40, 41, 42, 43, 44, 45," . , 

Alex has extreme difficxilty "going from tens to ones" when counting. 

Alex s.eems to fill in tens [ cyies readily enough 'but has- trouble 
writing the numerals if this Srapework i^ not prqyi^Sed. . ' , 



Abel coul<! not count 44 shewn on Tommy^'s abacus. Ke co;inted 10, 20, 
30, 40, 21, 22, 23, 24. 'She put two red^chips and 10 white chips to 
show 30. When asked she said there are 2 tens in 30, After trading 
10 white ;£hips for one red^ she said there are 3 tens^ ift SO^-^eemg no 
contradiction* 

Lesson 6 

All children seem to have* understood hew to tell orally from a stick 
, display- the foilcwing: 

^tens ones 
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Carrie referred to 3 bxindles and 2 ones as 10, 20, 30, 40, 50* 

For a display of 4 bundles ernd 4 sticks Brett \frote 4^4 instead of 
40 + 4. * ' _ . 



For a display of 6 longs an5 ?• units Ceiia ,and Duke are more able to 
,say "60 + 7" than to say ''6 tens 7*;; Washington says '*6 tens 1 
ones'* easier;' Susan and*0avid can handle bpth^in digscribing blocks. 



Had difficixlty eliciting response of 40 plus 3 for 43? 4 tens plxis 3 
came easier. - 



AmnoH FOR wuifBERs mm '^y t-mGir m\BJiALS--uo regroopiwg 

* . - ' , » 

The broad objective of th;.s sequence of lessons— lessons 8-11 — ^was to 
dey^lop the addition algorithm for addxtioa of numbers nained by ^-digit 
numerals • This sequence Qf lessons was limited to .addition without 
regrouping. At tl)e enactive level special ecohasis was given to' revi^ and 
extend the concept of addition as^-the union of .sets* The sequence of 
lessons were designed to present the development of the concepts associated 
w^th the addition algorithm in tlie follofwing order; 

1*. Review basic facts with sums iess\than 10* ^ 

2. Extend this skill to confute basic facts to con5>ute sujras of two 
nunibers both of which are ntU^tigles of ten* 

, 3, Conpute susas of' nusnbers ^^hich are multiples 'of t^n and numbers le^s^ 
than" 10. ' , ' 

4. Confutation of the suca of two numbers both named by 2-digit 
numerals without regrouping. 

5. CoTKputation of sura of two nunibers, one nained by a 2-digit numeral 
* and another nained by a 1-digit numeral^ without regrouping. 

The "expanded** addition algorithm which was tiaught is /.llustrated l>y 
the following problem* 

24 
+ 31 

50 

■ y . 

Manipulative support was developed' for thxs algorithm at the enactxve level 
by having the .c^uldren join ones tnd t^ns but keeping them separated and 



then having them perform a second joining to determinej "how mai^ altogether. 
Sixailatly at the sjWbolic level, children wiere required to writw the 
ilgozrithm in^is forat as wei; as to show each fetep with man'ipulatiyes . 

/'\ was titled "Addition Review facts, tei^ and tens, tens and • 

<«ifes*»* 2he $tAt6d objectives for tljis \mit were: 

^ 1* To give oral addition sentences which* correspond to object manipu- 
lations wl)ich.sO%gestadd4,tion for: 

a* "basic * facts /I sunis to nine,. • , 

^ . h. tens- and ten4,^ sues to J90, 

c* tens and ones-^ sums; to 99 • ^ \ ' ' 

» r 

. ^. To give object malnipuiations for orally presented addition ^ 

sentences ^pr: ! \ * 

a. basic facts, sums tp nine, 

b. tens and tensv sums to 90, _ ' ' 
tens and ones I svsaxs to '99» ^ • • 

The objectives for the Iconic and symbolic phases were the same except the 
stimulus, or 'the expected response modes were pictural or symbolic* 

JLesson 9 was ti'tded "pllace value review"^ and was' presented at the 
symbolic level only. The seated objectives for tihis 'lesson were: 

1. /^en presented an object or picture-of-object display for a. number 
\ ^^^^ write^ the hiimber of tens axjd ones and 'write the ^-digit 

* TiUmeralv , , ^ » ' " . 

2. When shown a 2--digit\ nmeral tp sffcw the appropriate object display 
or choose an appropriate picture, • 

< \- 

^r^^sson la wa? titled ^^Vd^imorii a-'digit and 2-digit without regroup- 
ing." In this lesson an- **Addiiion-Form-Board" was introduced. The purpose 
of the form board was to p,|rovl^ * a' structure on which the children would 
'^SEil^y objects ^to regresenc^ eaih addend' and also to union of the sets of 
objects to represent: th^' syk. ' Uhe Form 3pard was constructed from light 
Cardboard* ' During the^ enaotive fchase of the lesson teacher demonstrations 
showed the children how to ,displ^y addends on the Form-Eoard, how to move 
the objects together and place thfem'into the space suggested for the 
"sumrset." Children were allowed \to be flexible about first jaining tens 
or one?. However, if children werfe observed to .rigidly first join tens or 
ches they were encouraged to rigidly join the ones first. The stated 
objectives for:,the three i)hases of \nstru^tion for this lesson were a^ 
follpws. ' . 

<■ 

gnactive phase 

To^us^ objects to find the sums Af .e^o nuiaber^ named b>^" 2-digit numerals 
Iconic phase 

i. Given a pictured" obSect dispia^\ of two 2-digit addends to .show the 



same with the objects and use the objects to complete th^ addition. 

^2. Wtien. given an addition -problem orallly to choose .and sequence 
; ' pictures to show the ^.addition.- , . ' , ' 

s 3.. Given an object display of two 2-digit aSd^nds to find the ^ 
\ \ . picture-off-<tojects which shews the sum, \ . \. ' . . „ ' 

^. Given! a 5|.ict\nre-of-objects display, of two. 2~digit*addendfe^1ip a* 
a.., tell ^(orally), what addition problem is showrnv . f ^ : 
/' display the aiiswer with objects. " ' ' > - ^ 

Symbojkc phase , . . . • , ^ * ' 

lj.*.When shown a a-digit i-a^ddend addition problem in symbolic form to s 

a. read the problemi • , . . " 

b. display the. addends on the Porm-Board, . ; . ^ ^ . 

c. perform the ad'Sition with objects, \ ' ^ ^ - 

d. give the .answer 'orally, , ^ 
-e. write the answer. - 



2. 



When /Shown a 2-digit 2-addend addition problem in iconic or enactiy^ 
form to , ' ' ^ . . ; r ^ 

a. syxnbolize the^^addends , ' ' 

b. solve -the problem Vith.\ti:e objects," 

c. .write the. answer to the, problem. ' ' 

During t|he first pjurt pf the syn^lic ph2ise o5 lesson 10 use of a place- 
value-chart emphasized? later in this lesson, illustrations dnd wcrksbe.^ts 
were presented withojab:3the -place- value-cfhart* . ' 

The ♦last lesson of th!?sequv>nce— lesson 11 — was titled ''Addition: 
2-digit J^d 1-digit without regrouping.** The ;tated objectives pf this 
lesson ^weare' the same as for lesson 10 with appropriate modification for the 
di^ferent\ content.- - - N 

\ . ' ' ' ■ ' - . 

The o^der lesson 10 follcwed by l^tsson ll-r-2-digit and 2-digit addition, 
the 2-digit and 1-Aigit~is not ^t^e usijal order fbllowea in. ibost textbook 
series. It was conjectured .that if children learned the ,aigorithm*'tbr two 
2-digit addends that the procedure would transfer to the 2-eigit and 1-digit 
type problems This appeared to be 'true, tew children ha^ difficulty 
learning the. algorithm for 2-digit ^d jlrdigit addends after haying learned 
the more genc^ral algoritltta for two 2-digit ^addends. " 

tOG EXCERPTS - 

The follow\^ng excerpts tak^en from summaries of th$ gro\5> instructor's, 
logs are given Lx^ an attempt to present children's reactions to the materials. 

'\ ' ^- * « ' \ ' . 

Lesson 8 \ , - :* ^'^ 

\ • ' ^ 

Vox a display of 2 sticks ejjid, 7 sticks (to suggest two addends) , Carrie 

^ 19, 



sa id fc he answer was 27-. All others w6te able to show addition of. 
nmhet pairs by displaying appropriate sticks, apd verbalizing what they 
'.haidd^ne. ' ^ ' / . • *. /w / - 

Ctifeb^'c^ for 3 bundi^lr and 2 sti-cks to^ 3.p^us 2 ^equals 5. 

Carrie. ys;oce 70 t 10 80 (for pictxj^of-inai^ipu^ative display) for 



*a3vsre, was considerate; longs/units^ contusion on .th^s Jirst dayV 
jExan^)!^^ S ^ 4 a 90 (Davi'd with longs---he corrected himself):, 3 longs 
^iai>d 5^- longs » 8 (Duker-the says nothing wrong, with this). Ceii§ and 
j;0^^e used longs toT.ilustrate , 6 -J- ? « $• Celia used units to show 
'^^W'JI^md said the total Was 27. In general children avoided using 
./descriptions •!5 longs,." "3 tens" in favor of "50/* "30," ^ 

Celia and Duke continued to, have difficulty with tens/ones (used 
longs for 6 4-3, said SO 4- 2' for 5 units and 2 units) . 

\ ' ' V ■ ' • ^ 

Children really. n^ed the place-value-chart for the vertical form*. 
(Note:' none was used in this lesson.) 

• 4 

Writing the addends (for a pictxire-of-mariipulative display) as well as 
lihiii'g up digits was laore than Duke could^cope with. 

The pictures for 10+1 and 10+2 gave Celia ^d Susan trouble. Teens 
and things wj.th just 1 ten ^till are difficult!' 

The. children (after writing a problem to correspond to a manipulative 
or picture-of"-manipulative display) are definitely* not auding symiDoli- 
caJLly in these written tasks! , Even though the columns are misaligned, 
the sums- are correct — obtained by counting blocks or counting in 
pictures: e.g. 



'-^ 50 



2__ 

52 ' etc. 



Children -said "40 4- SO = 90" more naturally than "4 tens + 5 tens =« 9 
tens^ and therefore didn't relate it to 4 + 5 9 as readily. Showing 
it on abacus, Annie didn't know when to use' tens and oneSi 

General confusion of picttires showing tens with thos^ showing ones. 
Also they didn't want to say "3 tens"? said "30." I'd say " 1 ten plus 
tens equals** and every child would answer 70*" 



1 had 5 and 50 on the board, trying to relate thenf; Suddenly, 
' il . +30 

^ 80 ' .; , 

Omar got very excited and said, see, I see, there is a 5 and 3 .^d 
there is a 5, and 3. .That's the same and the answjer is the- same." 
Later, Kate looked at the board and told roe '^both of the answers have 
8," .and .pointecl.tQ* the 8 jand 80. 

lniiial^€^;^le with vertical fozm — didn't know where to write nximbers* 
QAdiT ^;fShx^', and Paul worked/with symbols on^y/ ignored abacus. Annie 
■us abacus or each prbblem, got .them correct. For pictures, Annie 
';66unted' beads' .for sum,, didn^ t work with numerals ^t^ all. - 

4?q;rksheet with niBne;:als only— Annie, Claire, and Paul (3. of the 6 
children) asked for the abacus. 



Chi^ldr^ Jtiaye jio trouble saying 9 or 2-ones, when giving solutiorP^ 
preferred' to say 90 rather than 9 tens* y^o answer 4 ones + 5 ones 
they'd say 9 ones, but to rnswer 4 tens +^2 tens tlhey'd say 60. If 
I asked how many tens they could say 6 tens. 

At first kids wouldrshow 60 .and 50 or 20 and 60 rather than 60 and 5 
or 20 an^ 6 {\ising manipulatives) — Kiirl in par£icular — for 50 and 5, h^ 
put out »10 longs. By asking him in steps (show me 50; now show me 5) , 
he seamed to get it. 

Karl, Tommy, and Calvin were confuse^ by 5 + 1 = 6 and 50 + .10 « 60 on 
the abacus pictures. ' Working from an abi^cus seemed to help. 

For tine problem ^ 30 on the board, Alex wrote"- 30 but he* said the 
+6 • +6 , 

306 

answer was 36. Had Alex go back and check his (manipulative) display 
for how many' tens ahdT ones. He wrote 36 and. after^ some, prodxiing said 
"30 + 6 « 36." * / / ' ^ ' * , 

Kept Alex after (for special help) to "write" my displays. On worksheet 

(independent work 'in class) he^ had 40 , 30 20^ 01 *30 

+2a . +1 +5 +2_ +4_ 

' ' 06 40 52 - 12 40 



They understand the pattern 2 + 5 » 7 so 20 • SO = 70, but they have 



trouble with one-ten; 



.g. , 6 + 1 « 7 so 6Q + 10 a 70, 



Tommy anticipated ^swer to 30 + 6 would be 9P because he had jxist seen 
30 + 60 « 90. He did lihis cn another occasion too and was rather 
surprised when he counted and fo\ind he was wrong. 
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^rhey have difficulty expressing answer in te^s; e.g., 20.+ 70 « 90, so 
.2 Wns^f '7 tens ~ 90 not 9 tens.. ^ " , 

... have trouble knowing where to put things-- ule lining up'**iJ>e ones 
sunder. the ones, making it difficult to see -the pattern , Chow 2+6=8 
is related to 20 + 60 = 80) . 

They can't tell me the answer to a piroblem Cin 'symbolic form) like 40 

■ ' ^ ■ +30 

without objects. and counting)., but if I say it verbally, they cahv 

Kept Mary » after to catch up on > and <^ . When she says 69 ar,d 96 
she sa±d "These are the same* See? 9 and 9. 6 and 6 (pointing)." 
I asked her to read them and she\ realized they weren't the" same and 
9C was more. ' ♦ 

Iiesson 9 . ' , 

No notes- available from one group. ^ 



David and Susan are at ease yitii describing blocks as "1 ten, 2 tens. 



Cejia and- Duke persist with "10, 20, preference, 

<^ 

buke made many errors — wrote units digits in 10* s column, vice versa; 
^^^^^ 20 1 2 for 22, for 4 units said there were "40. , , 14, . .4.*\ 



Paul had great difficulty telling me how many tens were on the abacus. 
He said "30" and wrote 30^ tens (for a display of 3 beads 6n the 10' s 
rod) . After much prodding and explana4d.on I told him to counj: tH^~ 
beads and he said "3X and I told him to writ4 3, but he said it 
would look like ones.\l showed him the ward tens but he really didn't 
buy it. ^ \ 



On one' problem Alex and Karl had tens I ones 







4 j 0 


40 


rather than , 


tens 


ones 








0 


4. 


4 (the problem was to write how 


many 


tens and ones and 



the numeral for a picture) 
' Lesson 10 

All pupilis ex. Dt Carrie could find a picture which showed the answer 
22. • ■ 



to an addition problem (presented in iconic form). Carrie would 
focus on jaatching the tens but did not always match the ones^ which 
led to mistakes* ' ^^ 

Most of the children. • .had difficulty reading the intermediate step 
tin the addition algorithm) • Phil wrote 35 

-h21 

7 ^ ' " 
40 

47, 

C\A>by had a lot of difficulty; he wrote for example • 13 

" ' ' ±12 ' 

* 25 

27 



/ 



Carrie has a lot of difficulty working wn the abstract level and lacks 
confidence in herself when she does not have pigturas or sticKo to \ise* 

Joe Benny cind. Brett work extremely well at the abstract level. 



ter^S^i 



To the question "Should we do terjS^r ones first?" Susan said 
immediately, "It doesn* t matter." Celia and puke domt tens, 10, 20 < 
. . others use 1. ten, 2 tens^. Celia and Duke respond to "How many 
tons?" "40." -V ^ . 



FonD-'Boards are not popalar. Susan said "I hate them" and others 
echoed; ...for the bright ones it, was a structure they d.dn't Jieed. 

All but Duke can describe problem in de^^.il (40 + 30 Is 70, 2 + 6 is 
8 for 42 

+ 36 .-^ 
78 

Susan, David, ^nd Washington., .all begem today by combining tens 
first, but switched on worksheets which have "ones" and "tens and ones" 
written beside the partial sums. 

Celia used blocks on Worksheet B (symbolic problems to coirplete) but 
not on Worksheet C (pictures to pr'r'-jlems to ctnswer) . 

Washington, Susan,, and David all adapted to short form easily 
(abbreviation of algorithm from 42 to 42) 



• +23 
5 

65 



+23 
65. 



23 



ERIC 



Celia refused to use^^ort fonas. Celia has reacted this way before: 
the "teach rne what to do and I'll do it; don't go changing it on ©e" 
kind of attitude. She was 'comfortable with long form and had no 
interest in changing, 

. Duke*s errors; reversed digits, misplaced ones* sum in tens column, 
jVic^versa, etc*: wrote is ^ ' . ^ ^' 

''V^^ +33' , 

^ ^84'... I think rather than adding, to get 

partial sum Duke counts all the units or all the longs, but doesn't 
put the partial sums in the* right colxmin. Whichever he does' first 
goes in the ones column. Duke's state at' this point is that he cannot 
cope, with both setting up blocks and recording, or recording back the-, 
problem and the sum from a picture. If he has only one thing to do 
(choose a picture, write a sum) he usually can do it okay. 



Verbalization of 5 tens an4 3 tens gives 8 tens (for exaii5)le) w^ 
inpossible. Kids would say "20 and 10 is 30" but not (2 tens and 1 
ten is 3 tens) . 

When I read problem for kids to show on abacvis, Annie had triable. 
If I read the second number before she had put on the first number, 
she got totally confused. ' ✓ 

When Omar "read" problem from picture, he wouldn't look at picture of 
the answer, but would look at the abacus with addends, touch tens to 
'put them together, then touch ones same way. It wasn't counting, but 
a physical and in a mental process, eyeballing it. 

For pictures where I read problem, Paul chose wrong ones, sometimes 
reversed picture or would count (a picture for 61) as 10, 20, 30, .21, 
32, 33, 34. , 

When I showed addends on my abacus, Annie would put down on rub'ber 
band to join tens and ones before she could find picture for answer. 

23 
+15 

^8 

Kids didn't wanr to write intermediate step — > 30 

38. Instead, they'd 
.add ones say and write "8" then add tens, say "30" and write 3 in front 
of 8. 

For intermediate step Kate, would write 4 instead cif 4 

84 80 • 



Annie xised abacus for each problem putting cjnes on, writing it, 
then putting t^ns on and writuLng it, then count all beads again ead 
write the answer. ^ . ./ 

(To ,get the ansyer from a picture showing addends on an abacus) Paul 
would count tens of the first addend correctly, then start counting 
by ones when he got to tens of the second addend. 

Chris and Omar said it's faster to write tens first, but they wrote 
ones fitst because I told them to, Chris added that it would slow 
him down, but he'd do it. 



Took forever to get first exairple 13 

4-12 on th^ Form-Board. But they 
seemed to catch on by the second example. 

Kids joined the ones and the tens simultaneously by columns, but kept 
tens and ones separated. 

Karl and Alex could give me solutions to single digit problems but 
only Calvin and April could transfer to 30 + 40" or 40 + 50* 

When addends and the solution are pictvired kids don't want to show 
the problem with manipulatives because they already know the answer. 



Began writing ovals 



for Alex to write in. 



hopeful. 

Kids seem to know how many tens and ones, but not where to write it. 

I had Karl and Alex solve some problems on the bocurd, using sticks, and 
pointing to what the numerals went with. Kari was very proficient; 
Alex somewhat slower* 



They don't see why they must put the sum in the bottom panel of the 
addition- form-boaid, but do it anyway. 

Strategies varied for finding the correct pictxire to go with the problem. 
Betty coir5)uted answer first, then looked^ for picture. Mary wotild count 
the ones then find the picture with the correct number of ones, and then 
worry about the tens» 

They had difficulty deciding where to put things. They wanted to just 
write the answer and even when adding ones first want to do 24 

ill 

37 

25 



* infetead of 24 

* ' +13 ' ' 

© 30 

37^ A They thought it strange to have only one digit on a 
li..je*' They didn't use llne(D*ad@to find iCiswer, justi thr objects* 
When, after they rfinis^ed, I ^ked "So what it 24 + 13?*' they vere 
puzzled. 



Neitner Mary nor Tonsay put niiddle steps in on ^problems like) 2 

+1 



ToOTiy is lost without objects. Even wnen *'he problem is presented with 
pictures he must use objects. For example, he had diffi-nilty counting 
thes6 two (pictured) sets' together: 



^ Ii ■ He counted 10, 

20, 30, 31, 32, 33, 20, 3a, 32. He eveif had difficulty after I 
suggested he count the 10'§ firtt (i.e., that he count 10, 20, 
SO, 51, 52, 55). 

Tomaxy. . .does not use t-he numerals at all and sees nothing wrong with . 
12 

til 
5 ' 

35, He can find the answer . Jsing objects) but sees no meanir*^ m the 
symbolism. - ^ 

By the end of the lesson {5 days') , Tocnmy seemed tO' know what he was 
doing. He c6;lld add syrabolically and also show you with objects. 
Adding multiplies of ten caustjd Tommy and Mary problems > They can, 
answer these problems when given orally, but the two zeros seem to 
throw them ot^ at the s^*^mbolic level. 



Lesson 11 



Idren did not have difficulty using addition- form- board. 

(For some oral drill problems) All children had trouble telling whethe 
a sentence is true or false Ca.g., 5 3 » 8, 26 is less than 32): 
-seemingly the. words ( true and false ) have no meaning for them. They 
could tell which of two numbers Is more or less by determining whether 
a particular statement such as *'39 is greater than 59'^ or "27 is less 

than 51'* is trae or false. 

'\ 

All children except Came were able to select the correct pictures fcr 
a given addition problem and put them m order to shew addition. 



Ml were abler lcx>k at a picture of an addirion prt&lcs? vith sticks 
shov- the -ansvei with sticks. • ' ' 

Carrie did surprisingly well on worksh^ts. I firmlly got her to db 
>forlcsheet T '(the J^tJ vithout sticks. SceaUigly, she did not tm^t 
*hcrself at the sytibolac le^?ei. , 



Children rx>stly put ones together first when aanipul^itJLiig blocks? 
Susan, David, 'and Ki^KUigton tried to group 'everytiiing at cnce~ 
Susaj\ and Washington look at addends aixd tell answer; David pf^sically 
jaovcs hl'^ks together fxrst and Duke needs prpsp.t^?: •*How sany^paes, 
etc*** r \. ' * ' ' \ 

* 

In. trlliag about prc*lte (recapitulating, eiq>lai.nin^ what they* did 
With blocks, etc)'' Susan and Washington are adept; David and Celia 
hesitate and ssake erroxs. indie's reaction is •'Aw, here we go dgaiit** 
—like the whole thing xb too xsuch for hinl 

Washington is very reluctant to use the fon&-board. He^Xl use blocks* 
but not on the fons-board. ^ 

On syr:boiic worix^beets, Susan and Washington begin to quit using the 
blocks (rely on the symbols). Washington sterts leaving out the zero 
in the tens partial sua, 

•Duke, whenever I'm not right beside hl», reverts to assorted errors. 
The Mst conscon toda>* :s to add tens and outz digits together. For 
exasjple 22 
^5 

SS. 

Celia stua^ to long form, u. i tiocke, occasiosially had randos? errors* 

25 4 * 

tl til 
6-9 

§2 so 

86' 55 

Duke, with giudance, is bi>g*nning to be able to .do entire p ocedure- 
He uses blpcJcs and ImW thea up all over the fora board, ignoring our 
neatly nax}«:ed spacer* 

Duke and Celia (after others in group have finished) finish the 
^/nbolic worksheets, both did v^ry well. C*ji^a uses long font, no 
blocks (uses fingers), D-oke ^^ec- both ioDO and sh>rt ioc^^ reverses 
colursns occacionallv. 



GiWn this task, **l'ja going to read you an addition problem, ,then yoa 
^-find "the pictiires and put them in order to show the addition.'' Annie 
cot^d not choose ^ picture froxa a grov^^ she had to be' given one 
picture at a tixneV cci^it beads (on abacus picture) aiixd deci^if it , 
^wiisS the one, then go to Uie.jaext' picture* She also can* thread" 
,pif6blem from picture — slie has to count (silHwly) then forgets *what 
.ish^ just counted before siie can say *the nuinbersi ^ . * 

' ' ' ' ' ' " ' *• * ' 

amCDe raad writtane problems slowly, he^^ftantly, but miist better than 
' telling the problems from abacus 6r pictur'e* 

lOn symbolic worfcsheetsj Paul h^^ most , tirouble writing numerals from 
'pictures. He did iauch better^ .cJn cocj^leteiy symbolic worksheets, no. 
pictures. AnniW used abacus 'faithfully on every problem, \intil I took 
it awi^ on Worksheet F (the, last one). She then used fingers /and 
t^gpped on table, even for obvious combinations (500, fete). Chris 
aj^d daire zzked for, -abacus; didn*t use it for any worksheets. 

Karl joins the tens, then the ones; Freddy joins the ones, then the 
tens; Calvin varies; Susan and ;vlex join both tog^ether. 

All abacus pictures are harder (than block or stick pictures) ; no 
trouble reading a nucSber from a real abacus but there is from a 
picture. - 

April fills in the detail to please mer She fixpt had 72 .then 72 

• 7 

•77 77. 



Tomny and Mary did very well with objects and okay with pictures, but 
the symbolic is like pulling teeth. Especially when the "mi'ddle step" 
is required. Both made errors like 25 

±1- 
9 

29 

29. 

^fary doesn't understand why she is writing tjie middle step^ but seems 
to understand the answer. She never looks back at .the middle step, 
but she uses the piccures. They don't seem to connect the short form 
with the long form. 



28 

41 



%LX^ on 61 /. ' ^ 

* +7^ eAdeA all tfie nmbers together .Ci.e,, gave 14 for emswer) . 

• She .told me that in problea 4 

4-55 the Jfives were the ^^^es^ She's okay 

iising obje^cts* ^' ' \ 

' • - * ' ' -* 

simtAcnou m umifis umBQ by i-mcfiT wumerals— wo wegroupiko 

!?he broad objeicitive of this sequence of lessons — lessons 12-15— *wcis 
to develop the subtraction algorithm for subtraction of n^&bers naiaed by 
5-digit numerals . This sequence of lessons was limited to subtraction 
without regrouping^ As in the addition lessons the first work in the 
^subtraction lessons/ especially at the enactive level, gave special 
enphasis to review and extending the concept of stibtraction as being a 
take- away operation; that is, the reisoval of a siabset froa a given set* 
The sequence 9f lessons was designed tp present the idea$ associated with * 
the subtraction algorithm in the following order* 

1* Review basic facts, sdnuend and siibtrahend both less than 10. 

2. Extend the skill with basic facts to cosjjute differences of two 
nunibers, both tnultiples of ten. 

"3. Computation of the difference of two nusibers, both named by 
2-digit nianerals. 

4. ^CoESJutation of the difference of two nunsbers, one haised by a 
2-digit nxEseral^ the other by a 1-^git nuneral* 

Lesson 12 was 'titled ""Stibtraction: Beview facts, tens take away tens*** 
The stated objectives for the enactive levei were: 

1. To give oral subtraction' sentences which correspond to object 
manipulations \o suggest subtraction: 

a. basic siibtraction facts, sums to^Q,. 

b. tens and tens, sums to 90. ^ 

2. To give object ;ncmipuiaticms for stjbtraction probleas presented 
orally: • , 

basic facts, sums to 9, 
b. tens and tens, suas to 90. 

Appropriate inodifications of these statements tc reflect iconic and syaibolic 
activity define the objectives for the iconic and symbolic phases. In this 
lesson nucerous problems were, given together, for example 5 - 4, 5 tens take 
away 4 tens, 50 - 4C were presented in close succession, to help the children 
observe the 'similarity between cocrputing 5-4 a?fd 50 - 40. 

lesson 13 was titled "Subtraction: 2-digit and 2-digit without 
regroigjing-'* In this lesson a sixbtraction-Form-Board was introduced. The 
purpose of the fona- board, as for addition, was to provide a structure on 



which *the children would display* objects for the "beginning setr** then 
rec5pve a subset and Keep it displayed in a designated spot, and finally " 
usoye the remainder .set to a designated spot* The subtractionrfona-bbards 
were coni^tructed fron light cardboard aboat the sise of an open file foider. 

At the^ iconic level of insilniction ^ subtraction probieisi was suggested 
in a picture by. ringing the "recsoved-set*" and extending the ring to an arrow 
^to suggest reisoval* The stated objectives for the three phases \/€ instruct 
*tion for lesson 13 were as follows. 

• . * * * . 

Enactive level . 

1, Tsyfind the answer to 2-digit and 2-digit subtraction problems, 
without regrouping, using the objects* 

Iconic" level * . , 

1. Given a picture-of-objects display of subtraction with two 2-digit 
numbers, to show the sair^ with blocHs and find the answer* 

2. When given a subtraction problea with two 2-digit numbers orally) 
to choose the picture which shows the stibtractioa and give the 
answer orally. * 

3. Given a block display of a subtraction probien with two 2-diglt 
^ numbe:js, to find the picture which shows the subtraction and give 

the answer orally, 

4- Given a picture-of-objects display of a subtraction probien with 
two 2--digit nisnbers to. 

a* tell what subtraction problem is shown, 
b* display the answer with objects. 

Symbolic level 

1, When shown a subtraction prcbieia wi^n v^o 2-di9*t nusbers in 
syraboiic form to- 

a* read the problem, v 

b. show and solve the problem using oiz^ects, and give the an^er 

orally, - 
"c- solve the probleia with objects cind write tixe an*=iwer, 
d, solve the problem by thlxiklng about subtracting xn the ones and 

tens place and write the answer, 
e- after having cc3i?^leted a problem ^d solution with blocks be 

able to point out corresponding numerals and objects r e*g., in 

32, 2 goes with 2 tmits, etc. 

2. When given a subtraction problem with two 2-^igit number^^ In oral, 
iconic, or enactive mode, to 

a. ayasboiize the problem, 

b. solve the prcblea wich objects, 

c. solve the problem from the picture by counting, 

d. write the answer- 

During the first part of the syniboUc level of lesson 13, use of a place- 
30 . ' ' • 



value^cSiart :^as eng^hasiasea. Latcjr in this lesson^ illtistrations and 
wo^dcsheet^s wore presented without the place-^value^^cihart* The place-imltse- 
chart was used initdaXly to provide a stxjicture for the algorithm work and 
waJs ^adually reieoved. > - rr 

tPhe f ora of t^e subtraction algorithm whidi was taught is illustrated 
belov^ ^ „ « , , 

• /, 39 39 39 

It was ctecided not to use ei^^andad algorithm for subtraction, such as 
3S 39 '39 39 " 

4 ' ^ 4 . 4 4 

20 20 

24 • 

however ^ it was observed tiiat sojse cMldren develc^o^ such an algorithm on 
their own« This obviously was a trcmsfer frm the^forca used for t^e. addition 
algorithsa, Such^ e3<panded algoritOua for subtraction agp^aj^ to be 
feasible* " / * ' . 

Lesson 14 was titled ^^Subtraction; 2-digit and 1-digit and 2-digit > 
and tens wlthot^ regrouing.** lEfcie stated objectives of lesson 14 for the 
enactiveV J, iconic, and symbolic lev«ii were. as follows* 

gnac tive- level . * ^ - 

1. To give oral subtraction sentences vhidti corre^nd to object . 
m&niptilation6| zo Suggest subtraction— 2-digit mnus 1-digit 

• nus^ers and ai-digit ^nus tens« 

i 

2* To give ijlock csanipulations for ';ubt;raction sentences which are * 
giv6n orally • • ^ ' • 

Iconic level 

i; GiVen a picture-of-object5^ display of^ subtraction of 2-digit minus 
1-digit or 2-digit minus tei^ to show the sane with blocks, find the 
-answer, and orally state the subtraction probleta as a 'coR^slete 
sentence* 

* ^ - 

2. When given' such a subtraction problem, orally, to choose the picture 
to show the subtraction, give the answer orally, and state orally 
the problem and answer as a ccs:j>lete sentence ♦ * • 

3. Given a picture-of-c^jecti^ displ^ of suc^ a subtracUon probl^ to 
a. tell orally the subteastion problea shown, * . • 

b* display *die problecjs with objects, 

c«^ state orally the svtotractipn prd^X^ and answer as a cocjplete 
sentence, 

UkBBon 15, the final lesson for the sequences of lessons on addition 
and subtraction without regrouping, was titled -Addition/Subtraction Review." 

^ 31 



It ^resfnted at tho syiaboUc level only* It ^as the only lesson in the 
s^uehtfe M "^hick ^dition and subtraction probleids were presented to 
.d^i|dre» the Bm% 'teaching session and "on the s) me wbrkshecjks. Thus it . 

the lirst lesson in which children had to^ oif each^problera detemine 
whethe^ the pr<&lem w^ts addition ojc .subtraction; this was a pohtrivial 
ta^k lor ^cpse children* The stated objective^ for this lesson wer^ a^ 

1# Given addition and stabtraction sentences, in. oral ©ode to write the 
- B,t^tence vertical form* ^ \ > * , ^ , 

'2* Given addition and .subt«i(Ction problems itt^oajal ©odei to 
• a» write the problem, - ' 

1 b» SQlv^ t±e prbblieint. ' . , l ^ 

\ read the problem and answer .as ,a cos5>late sentence « 
' : ;> . * p t ^ 

3, dvep ad^tion and subtraction pTObleas^ without regrouping^ in the 
iconic isode, to " / . 

a. \ write the prbblem and the answer^ \ ' . ' ' • 

hn read the problem ..and answer as a coifiplefce sentence* 

4. Given addition and subtraction problems^ in syisibo2jic form^ to 
a; ' find hhe answej?* • ^ , 

b» read the prctoiem and the answer as 'a* complete sentence. 

V . • \ \ ' ' ' ' ^ . ' ^ 

LOG EXCERPTS 

Z^sson 12 H 

^pn tUie iconic levels Brett^ Cubby, Opie, and Carrie 'found the picture 
for 5 tens take away >2 tens when they should have found the picture 
for 5 ones take away 2 ones* . 

On -a worteheet (with pictures for both addition and subtraction), for 
the'pictU3^ of 3 bundles and 4 sticks plus 2 sticks, Carrie wrote 204 

^ ill. 

Carrie has to be taught hc^ to record so ones will be under one&, tens 
. under tens, etc* ExajE|>le (^he wrote) 60 

-40 

^ 20. 

Children confused tures depicting addition and those depicting 
subtraction, , * 
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This ii| a particularly, effective and 5Piux)th transition to symbolic 
work/ Aii the children were compev:ent at showing with blocks the 
probl^M which I wrote on thW i&dard. All but Duke wrote U9 for 9 

^'8 -►I 



and '26^ for 70 
so. 



la ^xJup woricv Enike aoes, procedures with blcK ^ okay and records -well 
except for coluan alignaentv W,an and CeUa hiye.gpne'^through this 
saae stage— ^hen they were' recdrdijjg -.a prohlem thai they gotten, .from 

^picture^ they dida|t at first focus on the columns, jt»t on three * 

.ri«na>ers. Duke is now writing 60 

, " 40 , ' ' ' 



20. 



Annie and Kate would soaetiiaes- say 5 - 3 instead of 8 - .2, looking at 
l>eads at the bottom. As talti<iend instead of answer. . Kate» when trying 
to tell XSS& statement in "tens", would say "5 tens take away 30 tchs 
equals 20." 

-. 1 . . • • ■ ' 

I tiiink "^see the relations\iii> heiy^n .8 - 3 and 8 tens 3 tens in 
oral drill but only Calvin and April carry it over to 80 - 30, but all 
sees to knoy the saae display works for 80 ~ 30 as 8 tens - .3 tens. 

Hod 90 for Calvin to 'shov, Mex b&M it was easy because 9 

• ^ ' ' ^ ^ was stiU 

on the boaiTd* ^ i 

On Worksheet A (corresponding to, picture depicfcing SO - 30) , Alex wrote 

30 for 50 • . ■ \' 

-20 -30 . \ 

20 20. \ ■ 

Alex talks to himself as he works: 80 , 

-50 •'Zero take aw2^aero. . . zero? 
8 take -away 5. ..3.« Karl says «80 take away 50. •» 

Alex writes for {a display of 24) 204 X 

+2) 2 
206. 



'Scm^t ane Hary^ intexpre*;ed a picture like .....'.0^ as 5 - 2 - 6. 
'don* t kncfw their f^cts so this presents no contradic^n. 

When I showed a (stibtraction) prpbleai with objects and they wrote the 
problem, 1 was s-atprised. Tojany did weU right off, although a similar 
task" with addition caused him a great deal of difficulty! Abel, who 
breezed through addition couldn't do it. For' a display for 6 - 2 » 4, \^ 

33 



If 



he vrote 624. Attftx I showed hixa on the boeurd he still couldn't put 
the jiuidbers in . the right places. For 60 - 20 « ^iO^^ hS wrote -60204 0» 

The first problem 60 - 60 # which 1 showed on the abactJs conftised them 
all,, even Betty. Tomcy wrote -60 * ' 

60.* Abel and Wary were lost. 

On the first problem of the worksheet which had pictures depicting 



addition and sxabtraction, Betty did t^s. m fea '^H 24 
' ' ' 80.* 



I^egson '^13 



t^o jprbbleias were observed in learning, to use .the subtraction-form-board. 
" " ' - • « . ' . 

Carrie often records a* ones • digit in, the te^ * place wh^en writing a 
problem that I read or .one that she wrotes on her own based on^pictures. 

Exanple: ^ ff^ 1 I tfl! TlX-^ ' Carrie wrote t 17 

. \ . 13 ^< 

Eecording problems seemed to be the main difficulty of this lesson 
(iconic leyei) . 

All students (during the symbolic level) seemed to tire of using the 
subtraction-fora-board. All seemed to work correctly withbut the 
form-board except Carrie. * . ' 



Once again ^ all five children function well at the enactive level. 
Th^.y 'iere able to recapitulate the problem. 

At Iconic levels everyone had to count pictures carefully^ to get 
differences as well as subtrahend and minxxend. Some of the fluency 
in telling the problem seems lost when working from pictures. 

All five children had trouble with the last item (I show .picture for 
subtraction, they show answer with blocks). Susan and Oavid caught on 
to .just getting out blocks for the part not cirbled. 

Worksheets which had picrures depicting subtraction. . Children wrote 
corresponding problem and found answer: Susan and Washj^ngton get 
answers by counting blocks in picture. David seems to rely more on 
cental arithmetic. At first Washington did some funny things: 

47 



Duke has discovered that he can do .subtreTction .probleins column by 
column on his fingers. He does wor]£sheets today mostly without 
blocks* 



On one worksheet (3) problems were presented in |>a.irs as 

to juake a transition away from the place-value-chart. Dl.»« 
three problgjte' ^ columns (tens first, of course). He fiidn^t eVen 
recognize thit he was doing the same problem twice. 



3 


8 


r2 


4 
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Annie has difficulty showing a ntimber on abacus when she hears it# but 
doesn*t see it written. l*d sometixaes have to touch the tens rod and 
say '*30,*' then touch the ones rod and say for 37. 

At the iconic levjBl: Annie couldn't tell how many were taken away* 
Paxil did better, but he would reverse the take-away number. Be found 
47 - 13 instead of 47-31. Claire and Kate reversed digits on the 
minuaid (found 45-14 instead of 54 - '14) • Hbwever, when 1 displayed 
a pictured problem on a real abacus t everyone did well. 

On symbolic worksheets, Paul counted beads i^ picture for each number; 
he ignored symbols. Annie sometimes forgot which beads to cotmt for 
answer. Kate had trouble with pictures too, b\^t did better with each 
worksheet. 

Chris has realized it isn't necessary to put zero in tens column, wrote 
C2, then erased 0. 



AlcMc waits to see what to write (the teacher wrote answer on chalk 
board after children were to write) from the board, even though he 
uses the manipulative correctly. April and Calvin first write the 
solution to a problem, then show the display • 

Kids coiold relate nun4>ers (on a worksheet that depicted a subtraction 
situation with pictures) with the pictures. 

Karl's coimting backwards for subtraction and is usually off by one. 



Tommy nad trouble reading 47 - 31 or an abacus picture. He said 
-40 - 1, 47 - 30, 7 - 1, 47 - 1 but did well on the other pictures* 

It is amazing how his speed and accuracy decrease as we progress through 
the three levels* 

On a worksheet that has pictures to depict subtrac tion and the associated 
symbolic problem, Betty does them without using the pictures i othe:i:s, 
especially Tommy, are dependent on them. 
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On a worksheet children were given oral directions as follows: Were 
read a nunber, told to show the nuniber with objects, told/What^nuinber 
to take away/ told tu take away objects, told to write the number taken 
awa3r, Having thexa take away before they write how many they are 
taking anay Aay rfot be too good or natiaral. They prefer to write ^ take 
.away^ then write' the answer • 

. With symbolic exercises, Tomrny had difficixlty when there weren*t any 
pictures • He staxted adding subtrahend and minuend together, subtrac 
. ting the minuend; and getting the siibtrc^end. ' * ' ^ 

Xesson 14 

^ Carrie and Cubby made numerous mistakes? instead of^ sxdJtracting to get 
answer they simply brought down the minuend or sxibtrahend^ Exanple: 

24 24 * 

-20 ^ 

" • ' ' 20 * 24 ' c ' ' 



David had a lot of trouble with the worksheet on which he had to ring 
the subtrahend blocks — he circled the difference, or one digit of the 
difference, or part differencie and part subtrahend (for S6 - 44, he 
cirg^ed i long and 4 units, the exercise presented a picture of 5 longs 
and 6 units and t^e problem- ^6 . ' ^ 

"'44 , children were asked to indicate the 

problem on the picture). 

* # 

Celia seems to work from syiobolic form, .even with pictures. She worlr ? 
in column, writes unneeded 0 '<<i doesn't like worJcsJeets wher^ she 
doesn't get to write the problem down, sometimes ignores pictures ^and 
adds the two numbers whan the conplete symbolic problem (and answer) 
is already given. 

Duke worked happily with blocks on firs^ workshet^ts without pictures • 
-*This^ is perhaps the first time the pictures have meant enough to hirr 
to^want to use blocks after when the pictures stop. 



No comments from one group. 



On d task where teacher read a subtraction problem ond children were to 
show the problem with objects: Alex wanted me to wrifee the problem on 
the board before he made his display/ He may be veisy proficient' at 
reading how many tens and ones, but not at reading t^ie whole number. 

Karl had erxoxs such as 87 32 ' 

52 22 
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On a. worksheet where children were to conrolete a picture (i*e,, ring 
the , subtrahend) to show siibtraction; Be^iity woxild draw a ring to shpw 
subtraction of one&, writie the result, .then' do. the tens, • 

TqnnDy ttied hard to convince lae tHat* 8-6 = 7 when, in fact, he' had 
forgotten 'to take away the other 6 fingers to mak^ 6» His nu33i>er sense 
*is poor. He needs 6bjec$:s but won't, use them with the worksheets. 

Most frequent error (when writixig a problem to go with a picture 
depicting sxibtraction is « 38 38 • 

2 , for 20 

4 ^ 18 ' 18„ Vrhen asked to read the problem 

they \isually notice tK^ error. 

Tomny relies completely on pictures when they exist, as does Mary. 
Lesson 15 " ' — 
Ho comments from one group. 



Susan, David, and Washington 'fiave good command of both addition and 
subtraction algorithms. They can demonstrate and e3?>lain problems. 



P^ul and Annie had a hard time writing teen nimsbers. 



Alex, .wrote 15 for 51 and 50 for 15. He seems to have the most 
troul^ie with 50 *s and 50* s. 

All children had trouble* with p cture-o:'- abacus addition problem. They 
did okay on a picture-oi»-abac\is £ubt^ra*.tioi^ 'problem. 

c 

Karl's errors seemed to be adding or subtractinr when he should have 
subtracted or added, or basic fact frrxovB due to couarxting bac3^ 

( , 80 ) c 

-50 ' 

» . 40 24 ^; 

Tominy does iconic emd symbolic worksheets differently. He relies 
con5>le£ely on' pictures, when they are present^ ignoring the nui±>ers. 
On symbolic Worksheets he relies on his fingers^ (he doesn't use ' 
manipulative objects). # 
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AmriOhl OF NUMBERS NAMEP BV 2-PI6IT NliMERALS-WITH RE6R0UPIW6 

The broad objective of this sequence of lessons — lessons 16-18 — was to 
extend the children's concept of addition to addition of nxinjbers ruu^^d by 
^digit numerals in which regrouping from the units to the tens was involved. 
The sequence pf lessons began with a rather Jong lesson on the "regrot5>ing" 
process; that is, changing a manipulative aid or symbolic representation of 
a given humber to have laore or fewer tens or ones • . The ^egrot5)ing activity 
was then incorporated into the lessons on addition. 

Lesson 16 was titled "Regrouping and Renaming." The stated objectives 
for the enactrive level of the 1-essoil.were: 

1. When shown an object demons tr a tfion for 1 ten and 10, ones, to 

a. say that they represent 1 ten and 10 ones, repectivel/, 

b. tell that each represents the same number, 

c. ^ tell that each may.be replaced "by the*other. • 

2. Shown a block demonstration such as 2 tens and 3 ones and 1 ten and 
13 ones, co 

a. say each in words, 

b- tell the number of each, 

c* tell that each has the same number. 



When presented a phrase like "3 tens and 4 ones" orally, to 

a. shew it with objects, 

b. regroup it to Represent 2 tens and 14 ones. 

When presented a phrase like "2 tens ^md 15 ones" orally, to 

a. show it with objects, ^ 

b. trade 10 ones for 1 ten, 

c. tell how many there are in all. 

The objectives for the iconic level were as follows: 

1. Given a picture of objects which displays a* regrouping, to 
a. orally explain the steps in the regrouping, 

show the regrouping with objects. 

2. Given a number such as 16 ones or 2 tens and 7 ones, to * 

a. orally explain how ^to trade tens and ones to ^ake more or fewer 
ones , , 

b. find the picture which corresponds to the result of the trading. 

The objectives for the- symbolic level were as follows: 

^ 1. When giyen a number such as 43 in symbolic mode as "43" or "4 tens 

and 3 ones" or — — i , ^ 

3 I 13 , to 



3. 



4. 



a. read the number, 

b. show the ptrnber with objects. 
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c. trade to make more or fewer ones, . 

d* use symbolism as in the sxabtract3,on algorithm to record the 
trading* ~ - 

2, VThen shown a step-by-step writt^ recording of a regrouping to make 
©ore ones, to » 
a* show this with objects, 

b* orally explain the regroijping — from the sjonbois and froai the * 
blocks ♦ 



i 



3, \ihen shown a trading with objectjs or with a picture of objects, to 

a. orally explain the regrotjping, 

b. use symbols to record the'^^rouping* 

An extople of a task which children were required to perform at the" 
symbolic level was to show with objects the regroxiping^ suggested by 
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Similarly, children were shown a regrouping with objects and asked to record 
the regrouping symbolically* 

Lesson"" 17 was titled "^Addition: 2-Digit Addends Witft Regrov^^ing* " The 
^objectlyes^ for the three pheises of instruction were as follows : 



inactive phase 

1* Given an addition problem orally ,*^to 
a* exhibit the addends with objects, 

b. perform the addition — join ones and join ^cns, • 
c* do the necessary trading, 

d* tell the problem which was worked — i.e., read the problem in the 
form "a^ddend pl\js addend equals sum*** 

2. When shown an addition problem with blocks, to 

a. tell the addends and the sum, 

b. verbalize the .steps in the addition — i*e*, join the ones, trade 
to m£Lke tens and ohes, etc. 

Iconic phase * ^ 

1. Given a picture~of-objects display of an addition problem with 
regrcjijping, to 

a. show the problem with objects, ^ 

b. orally give the aSdends and answer of the pro^em, 
^ c. oraily e^^lain the regrouping. 

2. Given an oral statement of. an addition problem with regro\:ping, to 

a. find the pi::ture which shows the problem, 

b. orally give the addends .and the answer of the problem, 

c. orally explain the regrouping. 

Symbolic phase 

1. 'When shown an object or a picture-of-objects display of an addition 
* problem with two 2-digit addends with regrouping, to 

/ a. show the problem with objects, 
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b. solve, the problem using objects, 

c. solve the problem zsen-cally, 

^ d. record the steps in symboiic form to show joining ones, trading, 

and joining tens, 
e* read the problem and the answer- 

The algorithm that wa^- taught to the children and on which support was 
provided during the enactive phasa^of instruction was as illustrated in the 
problem ^ 35 

• * 12 

50 
62 

-> 

A modified Additioa--Fona-Board was used in the lessons. Many of the 
worksheets which involved symbolic work had a form for child? en to use in 
the algorithm work as illustrated below: 

29 

ones in all 
' tens in all 

altogether 



This symbolic format coincided with the format of the ACdition-Form^^BoSrd; 
It was hoped that this correspondence in style would facilitate children's 
symbolic recording of the algorithmic process. 

Lesson 18 was entitled "Addition: 2-digit and 1-digit with regrouping. 
Because of our observations with the comparable sequence with addition without 
regroi^mg we decided that this lesson could be considerably shortened. Our 
observation was the 2-digit and 1-digit addition came very easily to children 
after having had 2-digit and 2-digit addition. Therefore, lesson 13 was 
presented at the s^'mbolic level only. The stated objectives for lesson 18 
were essentially the same as for lesson 1*7 . 

Before starting lesson 16 it was discovered that many of ^the children 
were not proficient with oasic addition and sxibtracvion facts which involved 
sums -greater than nine. Therefore, a number of days were spent giving 
instruction and practice on basid facts- The children were taught a count-on 
strategy for addition and both count-on and count-back strategies for 
subtraction* 



LOG EXCEmS 

Lesson 16 



Cubby and Carrie had difficulty understanding that the seaae number could 
be expressed in two different ways. If you asked them if 12 ones were 
the same as 1 b^^die and 2 sticks they would say ''no" or act unsure about 
their answer. 
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All children had troiablo with the question, /^Are theret Imu than 10 
ones?" So I rephrased the question and asked, *Co you liavo ojaough to 
make ^ bundle?" All children except Carrie caught on to the trading 
^coccept for ©ore or feswer ones* aoimvar, Cufebj i^ not always 'sisre* that 
the ntraber of ^ftlcJcs in all Tfisuting the saiae* 

Children are beginning to vc2±>ai x& »ore freely about what ha;^«ns irtjon 
they trade fo^ xDore or fqver '^ues and aaca to understand tbo vrititea 
foro for itsprese^ting the *aTading process. - - . ' 

Cubby finally udnerstands that the total ntsribor of stJ.c}c5 rcaainc the 
sacte after trading. 

All children excejJt Joe Benny isade sooe errors cn Kotksbeet D (a vork- 

sheet that required syrabolic recording of regrorpix^)^ Sooe sac^lo 

errors: " ' ' y ^ ■ — r— * 

Phil: -5 I ID 1 

Carrie: 
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After the first exaisple of coimting after a tra^, Susan and David nb 
longer count to ceteraine bow nany altogether, tb^ conserve and 
rexMsaber how manj* there were before the trade. Celia counts the ^•nev 
blocks,*" if she taakei an error in trading -ox;^.counting she trusrs the 
— nmiT nuigbgr^ and assisaes that the aaiount has ranged.. 

Celia had tro^le vith the question, •*Are there core/ Joss than' 10 on^?* 



Question "Are there less than 10 ones?* was not consistently axisvered 
correctly by anyone exce{>t Chris • 

Trading a ten for oore ones seeded easi«*r than trading ones for & ten. 

Oxnar would pick tq> 10 ones and'runx thea over (froa the back to the front 
of the abacus) , not bringing over the ten as exchange.* n-. 

1 changed the question to •'Do yh have ex.ough onss to txade?'' 

An exercise with picUxrcs showed, for exArple, 4 tens and^ 11 ones on 
abacus. Kids were told that 2 had a pl^cture which showed the sticks ' 
after a t^ade. They were to guess the trade and show the ^resxjlts with ^ 
their abacus. This was very difficult for the kids^ i£5>ossible for 
Annie and Kate. Kids couldn*t construct in their nii^ what they 
couldn't see. . * ' 

In ^res^nse to a synbolically reqc?rded trading: ClAlre and Chris gave 
fluent verbal descript^ion, Omar and Paul d^<ji oka^, Kate waa h^Bitant, 
Annie couldn't verbalize at all, 
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Kids readily accepted that 12 ones or 1 ten and 2 ones were the same 
value bv^t on amounts such as, 35, 87, or 77, where it ended up with 7 
tens and 17 bn^s, children would have to count again to say 87* That 
is^ 8 tens and 7 ones: kids say this is eighty-seven? trade 1 ten for 
10 ones, 7 tens and 17 ones, all agree that the same value but must 
count to find 87; but not the case for 12 where not so numerous ones. 

• . *kids just seem to see il: as a trading game withovJt asy purpose- 



8 


i 


9 


1 ? : 



away," rather thah "trading." For example, Alex suggested you were 
"taking away a long for 10 units." 
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displays. Karl caught on and redid his worksheet. Alex is okay with 
trading on the display and talking ^bout it but riot with written 
symbols. 



Trading came easy, but they weren't always s\ir^, at first, that they 
had the same number. 

They are (now) convinced that the tocal number does not change with 
trading.. Have difficulty deciding whether to exchimge 1 ten for 10 
ones or vice versa. 

Showing what the picture would look like after trading 10 ones for 1 
ten W4S not -too difficull:. Going the other way didn't make much sense 
. . . they see no need as yet. 

Mo di fficulty with trading but recording is a problem* Betty started 



doing 8 



4 

3 — corrected herself eventually. 



Mary still recounts everything after trading, the others kr.ew the 
number had been preserved. 



Lesson 17 



Addition- form-board was introduced today but all children had difficulty 
•displaying the correct number of sticks m the "tens in ''all" line* They 
wanted to include the ten they got as a result Of grading the ones to 
tens and ones. 



Phil made mistakes because he counted the ten he traded twice. Exait^le; 



ft,; . 
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tS one^ in all 
*90 teqs in .all 

95 altogether — correct ansW^^, but he 



apparently got xt by counting the pictixxre correctly.. 
Cubby icide errors\n the "'tens in alV lines* E>ca35>leB: 
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Celia and Duke coa4>ine the tep froro trading ones with the ^ from the 
addends in the '•tans in all** fij^ace quite frequently. 

Duice is unaoie to work along. With pictures he r^ust' match with bloc}:s 
and cozabine, trade, etc. 

•Celia needs guidance only to remind her of the next step. 

Susan counted the ones in all for first several probjecis, then added 
ones in symbolic form, without checking against picrure. Weishington 
went through the saxr^ progre"ision. 

Susan and Washingston work without blocks, accurately in dyxcbalic form. 

' * * * 

Free for^i (i.e., &s <^posed to structured) place -value-chart was messy 
for clLI children.^ 

Duke .finished (last symbolic worksheet) needing blocks §nd help 
\mtll last six problems. Got five out of last six right using blocks* 



They forgot to trade for a ten, Wy^iild just throw over the 10 ones, ended 
up tan short. 

When writing "ones in all** after trading for a tsn on abacus, kids 
didn't want to ac^mt in the ten bead as part of "ones in all.*' 

^ Chris' and Omax ignored piccures, worked only symbol ical'ly. 



With the abacus (addition with regrouping) , 1 thfnk Calvin 2und April 
follow'^what's going on. Karl can do it butJL'm not sure he knows what 
he*s doing. Alex is fcllowing each direction with no idea of a total, ^ 
product. 
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. AlcK. is getting frustrated with the abacus* He easily places the 
initial display, adds the ones, then hesitates and watche^ the otherjs;,^ 
before he considers the need to trade. 

Alejc had six errors— tour of theia «iae . wx.itin9 oackwardsj for exan^lei 
A' ' -15 

-^67 
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Alex told tae it was hard ^o write maabers^ 



Th^ prefer to trade and put everything together in one big step- 
getting the right answer is all that is icsccrtant. * 



Lesson 13 



Most of the chxldrei) did well. 



Paul and Claxre did subtraction in ^'iong** £on? like dddici^n. 



Karl and Alex nc*- real confident. Karl siixinc addition and subtraction, 
3Tich as: 32 
"22 

60 

1 — / 
64. 



SU8T5?ACnOW CF m(BEP3 BV 2-mGn KUUERAlS—mTH UEGROUPIHG 

^. The broad *cb3ect^/e of thiS sequence of lei^sons — lessons 19 and 20*-- 
was^'to extend tne Qhxl .ren*s 4^:cncept**of sub |:r action to subtraction of otsnbers 
named ky 2-digit numerals in *ihuich regrouping was r^^uired- Lesson 16 had 
introduced tne cnildren^to tne regrouping processes needed^'or subtraction. 
Moreover, this ski'Il was reviewea as parlor drill activities in the addition^ 
lessons* The algoriLnss titat was taugh^. in these lessbns is illustrated wi^Ji 
the problem 3 13 . ' . ^ ^ 

- 19 - . . * 

During the enactiv** phase of «ach l^jfson foundac:^r- «J3 fcr tr.-:; 

syatoolic algoritiiia. 

'44 . • • 
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tmnon 19 w&b titled Subtraction: 2-aigii^ adnus^a^^diglt witB 
ragrot^^iagf*^ stated ctojecUves for the aaaoHw phMe .lare fts follows j 

!♦ Givm a prohlea lilr.e S - 9^ tjg uso blodcs^ count-back strategy^ 
and; cotmtj-oa strategy to ejqglain that this is mt possibly iri the 
ntcsb&rs we )a«3^# • \ 

♦ < . 

2* feiveri a p^ro&lem like 3^ 

* ' *^ exhibit the xainuend^ >dLth objects and • 

to e^splain With the ^dbjects that we can*t take 9 ones m^^* £xasx 
5 onos. , • . • . 

3. Givmx a siibtraction like 35 - 19 in oral fot»/ to 

e:^hibtt the rsdniicmd *rith objects, 
b» do the necessary tradinr,* 

c. *'take away** the apg^oprJate nusa>er of oneff and tens^ 

d. tell t^e answer of the stlbtractiort/ 

B* say vthe problem in the form "35 take away 19 equals 16 

4. When shown a subtraction tprpbiea jyith objects^ to - * - 
a* tell the sdnuend, feubtrahend, and rejoainderr 

J, verbalize the steps in th^ subtraction j e»g;, trade i ten for 
10 ones, add the IC ones to the ones, ressove ones, reitiove tens. 

Appropriate jaodi f ications of these stateiatots to represent iconic and 
symbolic activity defines the objectives for iiis iconic and syjabolic instruc- 
tional phases-, , , ^ . . 

Lesson 2C ^^as , titled *'Subtraction2 2-digi'. and 'l-di'glt with regroi^ping.'' 
This lesson was presented at the sytnbolic level only* The stated objectives 
for this lesson are very siRliar to those for lesson 19, In lesson 20 quite 
a ntaaber of worksheets were given to the children which involved all the 
different kinds of addition and subtraction pr^lems they had learned— that 
is, subtraction and addition on the aaiae page so that decisions aoout whether 
to add or' subtract had to be inade? subtraction and. addition problems with 
regrouping an*! without regretting so decisions about t^ether* or not to regroi^ 
were necessary* — 



^- LOG Emms 

Lesson 19 

C\3bby and Carrie ha\^ trouble deciding which of two maabers is 1§f eater- 
when it is necessary to trade* ' * ^ ^ 

Phil knvi?ws how to trade -1 ten £ox 10 ones but soaetisj^s forgets to 
rpieove his ten* Others understand when and- how %o trade and had no 
difficulties- . ' . 

Cubby and Carrie continue to have trouble deciding whidi of two nujnbers 
is greater and when it is necessary to trade • 
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S'pbtracting ^snaajier ?;u^ers from larger numbers instead of trading 
-occurs £rcm tiifte to tim on subtraction Xasscn s* Soaje errors netted: 

69 * 17 racoi^ded as : , 5^2 . 

• 3 ' 2 / 13 
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OM>y had difficultdes trading and sh,owin^ ?^hat's left symbolically/ 
trades when uhnecssssaxy, doesn't seens to know how to datercaine when he 
doesn't have enough ones. , - * 



Susau suggested trading in ordsr to siJbtxact^S? frca 4%> All tha 
children tried - it— Susan did it perfeccly, Celia traded and Wound 
with 14 units, Duke traded andT would Vltlf 10 imits, David and 
Washington siade correct trades but subtracted -w^phg* " 

Suke at one' point had 2 longs and 4 longrs out %xi& said excitedly, '^Look, 
•Stewart, 2 4^ 4... I know. how to show 2 + 4 =» 61". 

Esjjhasizad t^t total after tr&de should be same as total be'fore^- 
Celia' s trading iiuprdved* ^ - 

» ' -* ^ 

Lots of resistance to blocks today. At firsit, the children felt thfey 
already knew how to do it.^ ,The step-for-ste^^ roatchlnig of blocks to 
symbolxssa became' a ganie tot^ them* ^ ' 

After finishing problem, wh^n I asked **vhat'does this (50) jsean?" 
{in 50 _ . 

22 ) Oavid put aJl his blocks back together and said, **it^s4ll the 
blocks." Even xn sxabtraction he thinks total rather than.i^arts* 

At first Susan misjudged when trade was needed.. Wherij^told she made an 
error she corrected it. She did tens first and "subtracted i^." €y ^ 
second wo^^*eet, she went from picture to writing problem, ^^orked 
problem symbolically. She said she knew when to trade "from the ones'* 
and workeu accurately ► 

'* 

Duke still has to count ones after trading— doesn' t see *'ten-more"* patte 
Susan traded all the time, worked symbolically, wrote: '6 10 

-4 0 
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the ofch©i^ day she ignores a ta^ade sho ^las vrititaii when she decides 
* she doesn't need it* She has Jost her ccmmd of which ones digit is 
greater, as a cue* . . , 

Dak^ used blocks and worked through the procedur^^ accurately • Would 
say' ccmf ideptly (after ^splaying minuend) ^ "gotta trade" or "X can do 

Ceiia used blo^^ explained wellr worked slowly. 

David, Susan, and Washington quine coo??etent. By end of day, Celia was 
woaSdng probleias accurately without blocks* Duke still needs theiQ* 



K&is imediately 'rejected "4 take aw^ 8" types — said •*you don*t have 
enough.** When 45 - 1? was presented, jFaul said, "It's just ixt^jossible I 
You need inore ones." Chris inanediateiy ^suggested trading. 

Claire bagan trading a ten fpr the number of ones she^ needed to stfctract 
instead of ten ones. * ' , 

Xids were very excited to (re-) discover that trading did not change 
.the value. ^ , 

Kids couldn*t work on abacus and write step-by-step» Vh^ either worked 
probleim through on abacus and then wrote, or else worked problem through 
on paper, then showed with abacus. 



For 45-17, ^:.'l immediately thought to trade; Calvin and Karl 
evefltuaily 'traded; Alex didn*t until I suggested it and we did it 
together. 

Calvin and Karl sometimes get the wronjg answer due to not returning the 
ten after trading. 

Alex seems to be counting the pict-iures^^d writing/ but has no feel for 
v;hat he*s doing and doesn't get a feel for a problfem and a sol\itibn. 



Alex has much difficulty with symbolic work. In recording trading he 

got 5 15 . . X 

-19 . . 

6 — ^ okay, but I'd have to remind him to show how he traded way 
one ten. He sees no relationship between these problems and some drill 
activities which deal with regrotjping only: 
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They realized you..couldn' t do 4 - 9, but also thought, at first, that 
45 - 17 couldn't be done either* 'Betty and Abel saw that trading was 
necessairy* It took Tcmy a long tiffle/»*he isn*t clear about what trading 
means* 

^ »sost coasmon errors are: puttirVg 10~ohes Instead of correct number after 
trading? trading when it isn't necessary • ' • 

Mary needs objects for everything* Abel uses them occasionally, usually 
,to correct an error. 

Neither Toxopy nor Abel was good afc telling me why do what they do. 
/Lasson 20 • • * 

Joe Benny, Opie, and Carrie had difficulties deciding on which operation 
. •vto do (addition or subtraction):. At. times th^ had/ difficulty trans- 
lating pictures into symbols* Phil had a good grasp of what he. was 
doing and did a^ beautiful job. 

Phil had difficulty with problems that had 0 ones in minuend and would 
subtract 0 ones in minuend from ones in subtrahend* Example: 30 

-IS 
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Most children had no difficulty. 

\ • • 

Duke vised blocK3 all period >^^un ted blocks (2 longs and 6 units) as 
10, 20, 30, . , 80. « 



Kids did weii with mix (addition and subtxaction) of probleJt;s, could 
tell when regrov^ing was necessary. 

Paul shewed subtraction in two steps like addition: 64 

. -24 

40 
40- 

< 

t^en Annie saw that trading was needed, she'd hold up all ten fingers, 
look at them a few seconds, then take away ones in subtrahend and write 
that as answer, i told her to trade and write number of ones including 
those in mnuend. She still help up ten fingers, each time before she 
couldv write the trading numerals; it's like a visuril association with 
abacus trading. 
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On sypiiolicpTdblexm, )cids see^ to kncaw if they xmxst trade, but Karl 
aad Alesc don't alwi^s return the ten* , ^ 

'«* ^ ^ 

Worksheet with laixed + and - problems h2ird for all kids* Kind of a 
Xttind set. . _ . 



!Ehc==^^S5'^&i^l^aS=^^ and 22— for tb« teaching experijnent were 

directefl toward th^' h^to^ objeqtive of extending diildren*s place value, 
number concepts to nunibers x^m^d by 3-digit jxumerals* Special eji5>hasis was 
..^iven ta counting activities, disB^-fi^ying "large .nunibers/' with objec„ts, and 
when given a representative of a number either in enactive, iconic, or 
synjbolic aibde^to tell the number and to display and tell nunibers which were 
1, 2\ 10, and 20 jaore (and less). 

' . - ' * 

Lesson '21 was titled ''S-digit numerals: . counting to one* hxindrcd by 
ones, coun.ting 100-125 by ones, countdLng 100-200 by tens." The stated 
objectives for the three phases of instruction were as follows: 




Enactive phase ' 'r-- 

1. ' Children will investigate the concept of 100 and will be able to 

a. display 100 ones and trade for 1 hundred, ' • 

b* display 10 tens and trade for 3k hxindred, _ 

c. display* 1 htmdred and trade for^lOO ones, 

d. , display 1 hundred and trade for, 10 tens. 

2. .When read a number like 53, to 

a. display the nxjonber with objects, 

b. display and teli the numbers which are 1, 2, 10, and 20 more, 

c. . display 'ar.d tell the-^ numbers which are 1, 2, 10, and 20 less. 

3. . Display objects to show counting frcan 100 to 125. 

4. Display objects to show counting from 100-200 by tens. 

5. Count object displays for numbers like 130 as 10, 20, 30, 130 
and CIS 100, 110, 120, 130. 

6. Grot© teils to hxindreds and tens. 

7. When given ^ tens (lli^ x < 20) to display these as 1 hundred and 
* (x - 10) tens and tell that x tens equeuL 1 hundred (x - 10) tens. 

8; When read a number^ like 150, to 

a. display the number, 

b. display and tell the numbers which 2a:e 1, 2, 10, and 20 more, 

c. display and tell 'the numbers which are 1, 2, 10, and 20 less. 



Iconic phetse 

1. Children will investigate the concept of 100 and will be able to 



a* recognize a pictajte* with teA sets of 10 ones aa *l00, 
b. tell that 100 or\^s is equal to 10 tens. 



When sh(5^ an obj^ctil'tilsplay for numbers like 53 # to 
a* ' *teUc;€h^- num^^^^t^* 4^ showi^^^ 

\. find thL^plc'^^^^^^^J^ ^ho^h numbers which are 1, 2, 10, and 
20 more tand less)V^» 



Investigate counting from 106>"^^12S. P ■ " 

Arrathge picture sets to show counting from 100 to 200 by tens. 

Count pictures of block displays for numbers like 150 as 10, ^0, 
150 and as 100, llOi 120, ...^ 150. 

wfien read a number such as ^160, to find pictxires of block displays 
which show this as 16 tens and as 1 hmdred and 6 tei^s. 

When shown a pic€ur$-of-objects for 1 hundred and 5 tens, to 
display this with tens objects and tell that 150 is 15 tens. 

len shewn a pic ture-of -objects for* 15 tens, to display the tens 
wiSh objects as 1 hundred and 5 tens and tell that 15 tens equal 
150> 

To exte^ the concepts of more ands less to numbers less than 1000. 
phase 

When given" ^nui!iber like 53 in symbolic form, to 
syt display the number with objects, 

b* display and write the numbers which are 1, 2, 10, and 20 more 
(4nd less) . 

When shown an object or picture-of-objects display, which shows 
counting from 100 to 125,. to write the corresponding numerals. 

To write the numerals in sequence from 100 to 125 without enactive 
or iconic displays'* 

When given an object or picture-of-objects display which shows i 
counting from 100 to 200 by tens, to write the corresponding 
numbers. 

When given an pbject or picture-of-objects display for numbers 
like 130, to write the number. 

When given a number like 130 in symbolic form^ to show the number 
with tens objects and with hundreds and tens objects. 

When read numbers like 130, to write the number and say it is 1 
hundred and ^3 tens. 



8* When read numbers like 130, to write the nxanber as 13 tenH. 

9. .When given any ol! the three symbolic forms: 

130 

hundreJs, tens 

tens , to 

a* tell the other forms orally, 

b* con^Jlete th.e other syiubolic forms. 

Lesson 22 was titled •'3-digit nxsnerals," The broad objective of this _ 
lesson was to provide siinil2Lr activities as^those in lesson 21, but to extend 
these activities to larger ntimbers. Lesson ^82 ^extended the nutober activities 
mostly to numbers fro» 100 to. 200. The stateti objectives for the enactive 
level of instruction were as follows: \ 

1. Given nuuibers like 123, 169, etc., . 

a. show the nuznber with tens objects and ones objects and with 
hundreds, tens, and ones objects, 

b. tell that 123, for exanple, is equal tQ^J,_„ 

i) 1 hundred, 2 tens, and 3 ones; 
ii) 12 tens and 3 ones; and 
iii) 123 ones* 

2. Given ntrmbers 100, 200, 900 displayed with hundreds objects, to 

a. count, for exascple, to 300 byliundreds , by tens; 

b. tell, for exaxrole, that 300 equals 30 tens; 

c. tell that 30 tens, fox exanple, is equal to 300 ones, 

3. Do rational counting from 190 to 215 by ones. 

4. Given numbers which are multiples of 100, to count from one multiple 
of 100 to the successive multiple of 100 by tens. 

5. Given numbers like 210, 2:>0, 260, to 

a. display the numbers with tens objects, 

b. count to the number by tens, 

c. count to the number by hundreds aiid tens, , 

d. trade 10 tens for one hundred. 

6. Given numbers like 220, 250, 270, to 

a. show the number with hundreds objects and tens objects, 

b. shov; the number with objects which are 1, 2, 10, and 20 more 
(and less) . 

^7. Given numbers like 215, 269, to 

a. ^ show the number with hundreds, tens, and ones objects; 

b. show the nwbers which are 1, 2, 10, and 20 more {and less). 

i?^proprxate modifications of the statements to reflect iconic and symbolic 
activity defxne the obje^staves for the iconic and symbolic phases of instruction. 
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Lesson 21 



Ml seemed excited about the new group of 100 sticks (bundle of 
bundles) . 

Carrie and Cubby had trouble with "more" and "less" concepts and did 
not- always know whether to add sticks or take away sticks, Carrie 
would sometimes add a bundle to show one more instead of a stick. All 
seemed to understand that, when 10 bundles are traded for a bundle of 
bundles, the number ^renains the same. 

All children were able to count 13 bundles ajid say that there were 130 
sticks in all. 

A3i could show 170 with bundles, trade for 1 bundle of bundles and have 
7 'bundles left oVer. 

Joe Benny was the only one who knew iinmediately that there were 17 tens 
in all. Others had to point and count to obtain answer. 

, When Crbby saw the picture of 10 sets of 10 sticks he said, "That looks 

like 100 sticks." Then Phil said, "That's the same as a bundle of 
bundles." 

^Children (except Carrie) did well with concepts of 10 more, 10 less, 1 
more, 1 less, 2 more, 2 less. 

To order pictiires from 110-200, Opie was the first one to understand 
what to do. He appeared to zero in on the fact th^t he needed to count 
only the bundles after the first group of ten bundl s. Phil, Joe Benny, 
and Cubby seemed to count +±0 total sticks shown on each picture. ^ 

Catrrie is not sure about increasing a number by a specific number. She 
knows that she must add some sticks ^o increase a number but does* not 
always know what to add. 

Children were given written exercises like: 

170 = ^hundred, tens, arid 

.190 ^ tens. 

Some errors noted were: 

170 = 1 h undred, 17 tens 

200 = I h undred,* 2_tens 

200 ^ 2 t^ns 

200 = 1 hundred", 1 ten 
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Washington and David answer all questions easily; cue in on 20 
XDore/less as 2 tens more/less* 

< 

Dvke seemed to parrot the phrase "10 tens" vdthout grasp of meaning. 

After adding/subtracting blocks on .^re/less, Duke always counted his 
blocks from zero to new total, even if he added 1 unit, he recoxmted 
the tens. In reply to "count the tens" and "coxmt the longs," Duke 
counted 10, 20, 30, •••^^ . 

David and Washington can go from counting ^13 tens" to saying "130" 
immediately • 

SusartT David, anc^ Washington can go from 170 to 17 tens and vice versa 
wi^out re counting • 

Given choice, mosr prefer to use flat and longs to show number (e.g., 
170) rather than all longs. 

Susan and David can make "inventive" trades'; e.g. , 1 flat 2 longs 
traded to 1 flat, 20 units ;'l flat, 5 longs tracked to 1 flat, 4 longs, 
10 units. 

Duke and Celia confuse 2 more/less with 20 more/less. 

For picture of 100 units, Duke said there were 10 in each group (without 
counting), and after we counted 1, 2, 10 groups said that was 100 

altogether. Good guesses or maybe "10 tens" has some meaning for him 
finally. ' ' ^ . 

More/less tasks are faster with picture of original number for children 
ro refer to. Interesting responses: 20 more than 87— Washington 
thought a second and seiid "107" f Susan-, David, and Celia showed 2 more 
longs but only Celia needed to count to know^ 107; Susan traded for flat. 
2 less, than 73. — Susatn traded first, then others; Duke took away 2 longs. 

In writing numerals fr6m 100 t9 125, for 110 Susan wrote 101; Celia 1010. 

All but- Duke can go from statement like 12 t ens and tell how many in 
all. • All but Duke and Celia can go from total to tens. 



I used an open-end abacus to show 100; kids were excited about the 

height. Paul began co\inting ones by tens and everyone joined in naturally. 

More and less were difficult- When I asked them to show the number that 
is 10 more, everyone stared and finally Chris said, "10 more what?" Omar ' 
eventually put on 10 ones, counted beads and got answer; ethers followed 
suit. We went to multiples of ten only emd practiced. Annie was 
completely lost, didn't know whether to put on or take off beads. Kate 
was about the same. 
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Everyone had trouble counting by ts^is after 100, said, "100, 101, 102," 

Que*?tion ab'^ut "How oany t^ns in 120?" for example,, was very, difficult. 

No one could write tl^e numeral for one hundred nine, yet, they could 
count beads on abacus and say one hundred nine, 

5ids hadvlt^ts of trouble writing numerals, Chr^s wrote * (correctly) 
lt)l for abacus display, others wrote 1001, 1002, I tried to relate 
digits to abacus rods, which worked fine until we showed 1 lixmdred, 10 
^ones, and everyone -wrote lOlO, 

^On writing numbers by tens, IOC- 200, Chris was the only one who did it 
right; Annie: 100, 110, 120, l-''.0,4,i4, 115, Omar: 100, 110, 112, 

113, Chris:- 100, 101, 102, Kate wrote 100-190 porrect., then 

102 for 200; Pa*al: 100, 1010^ 11102, etc, then wrote 1200 for 200, 

On several worksheets which showed a pic*'urfe_of an ai^acus display, 
children had a great deal of trouble writing the corresponding 3-digit 
numerals ^specially for exercises with 17 tens on the abacus amd 
children were to write |Jie number 170. 



Kids excited about gettina new materials (bundles-of-bundles, flats)* 
Alex is very hesitcint as to how many ones in one hundred. 

Kids getting used to 10 tans being 100 but that 18 tens is ISO is still 
difficult, 

Karl will guess that 12 tens ure 120 but wants to check it with a ^ 
display. Calvin has no trouble with 12 tens or 13 tens but hesitates 
about 18 tens. 

All seem to be able to give manipulative displays for multiples of 10; 
0-200, With the display present all can tell hew many ters. Without 
the display April and Caivm, but rot Karl and Alex, c^ do it if they 
stop and think — not automatic. 

All agree that different- looking displays (e.g,, 1 hundred, 5 tens; or 
15 tens; or 1 hundred, 4 tens, 10 ones) using the ram*? manipulative^ can 
show the same number. 

An exercise requiring cunildren to order picture to "show counting -fcy 
tens" was very instructive, seemed to crystallize things for Karl, 
Calvin, and April. ^ ' 

Calvin and April quickly caugnt on to vricing i~digit numbers. Karl 

and Alex translate a number m^-c hew many hundred.^,- tens and ones; then 

wri te . » 
* 

Karl wrote 101 for 110; Alex wrote 1X10 for li:. 
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^ To cockle te IS t^ns ^ ^ S 

, > ^ " * 

h tmdreds , t oos^ 

# K^I consistently wanted to write 

15 tens 
100 huudreds, S tens 
ISO . 

**Ten more** went fairly well, b^ix "tan less** was iUce pulling toctb. 

Mfijry and Tossy had trouble realizing that wi^ v^uld blocks to cjakcs 
Dore and t^e away blocks to ©ake less. Tbey also nad trouble with 
whether to add one long or c»ie unit for 1 xaore/10 rsorfe, zind siiailarly 
fox: less. 

I had 13 longs 'to display 130; we counted longs by one© to fiiid out bow 
aany tens in 130. Khem asked how aany longs or tens, they said ^30 or 
113 — very hafd for thca to see this relationships 

Exercise 4, where they ordered pictures to shew counting by tens frcssa 
100 to 200 WAB Significant—helped the© see the pattern* 

^» 

After 119, tcjideno* to write 112Q— using a manipulative helped. 

On % worksheet— a picture is given, <Aildten are asked .to use the picture 
and conplete the following: " 



hundreds , te*^s 



tens* 



The second l\ne caused lots of picoblecis. Majority of errors look iike 
130 130 



1 hundred, 13 tens 1 hundred, 30 tens 

3C tans 30 tens 



130 

1 hundred^ 13 ten^ 
3C tens 



Tnen canie WorKSheet 14 twith sfyrabolic s<^ntence?v liK,e 17 tens • ^ hundred, 

^ ^tens; :> t**ris * ten^. hundreds; no ^ic^uren pre«r-r,t --disastet. 



Abel convinced me he understands the three relationships bu!: just can't 
handle" all the symbols. ' ; 

Lesson 2j 

Prom a stick 'display Joe Benny and Ph^l could tell how many (hundreds, 
tens, and ones), (hiindreds, ones), (tens, ones) were in .the nunt^er 
represented. > . ^ 

Counting bundles of bundles by tens (i.e., as 10 tens, 20 tens, y.) * «. 
seeined difficult at first but eventually children caught on* Children 
• ^wanted to say 10 /"^O, 30, etc. without using the word tens: , 

'V 

Seemingly, children have to be prortpted to trade either 10 ones for.l* 
^ -"^lijundle, or 10* bundles for 1 bundle of bundles. Trading does not occur 
as automatically as it once did. 

Children confuse the questions **How many tens?" and "How many in all?" 

When asked t6 show 219, Phil first showed 2 bundles of bundles^ 9 
bundles, then corrected hikself^. ^ 

Carrie could not determine the number represented by the pi-ture of 
19 bund^Les', 3 sticks arranged as one set of 10 bundles, 9 bundles, ^and 
" '3 sticks. • ' ' 

^■^^ All exercises Which called for. me showing a picture and having the 
children find the pict\ire to show 100 more, 10 more, 1 less, 10 less, 
1 more, lOO less Were extremely difficult. » Strangely' enouah, the 
comparable exercises at the enactive level went very well. Apcarentlv 
children were, not ready for these kinds of activities at the iconi^c^^'^ 
■ level. 



Counting flats by tens (10 tens, 20 ^ens, ...) less meaningful for 
children (especially Duke) than counting either by ones or hundreds. 

On counting tasks, all have trouble-at places like 109-200, 290-300.^ 
Susan, David, and Washington can say next number without seeing crade, 
but others must see the trade first. 

Today Duke made' errors xn 1/10 moire/ less but after he got. the display 
.correct, he didn't count frdm ^, hfe counted iK) or down from the origxr.a 
number! 

Counting, on by ones, tenSj or hundreds fi^ont number (e.g., 243) m 
picture display — all children had most trouble counting by cens. David 
Washington,"^ and Susan cobld but correcting errors. Duke and Celia 
needed block displays and trades in order to bridge hundreds in countm 
by tens. 



8oxe and less 'went * well, except that Annies is still .uncert^Jln wheth^i.* 
ta- a^d or tak^ away a bead/ '* * 

^Coijnting 19CH215 by ones: kids counted 1 hundred and 9 ten§, had ' I 
trouble- counting 191, 192^ then okav '''til 199* * ' ' ^ 

* . * ^ ^/ 

No one knew what, to call 1 hundred, 9* trensr, 10 ones. Finally Chriiv.saw 
tx at 9 ten^ = 90, 10. ones « 10, 90 + 10 « 100', so it JWas 200. m.pxi^ 
c^ald'go on^ to ;^1, then okay until 2b9* Chris said 210'Vas nextv^, &har 
argued hotly th^ it was 3.00. We counted again*' but Omar coulin^t. ^i^y . 
209-210. "J He kept saying, "I don*£ see it^ I don't see ifr Finally 
I put jny hand between the two sets of 10. ones so that iSfOO was below and - 
10 aboye iny hand^-^ Omar counted and agreed that 200 was below,, the? he 
eoTOted 10 above, I asked hixn what 200 and 10 more was and he said, 
"Okay^, now I .see it." . ^ 

More/less: "Omar had 505/1 asked him for 10 less and he hesitated. 
Paul ana Claire both j^ipked up ^eir abaci, shbv^ed 506, traded 
correctly .to" show m; what Omar should do. *^ : 

When I showed 90 tens Chris ifemarked if we had ".ten hundreds"' it would 
be "one hundred tens." HeN^md Omar liked the play on words, j^eversihg 
them. I told them it would Jbe 1000. They got excised. 

This lesscij has really^brbught out great interest in using eibacus. Not 
since trading was first introduced have kids en3oyed using abacus so much. 

The place-value-chart was very effective in helping kids leam to circle 
thre?-digit nUmeraxs. 



After getting 12 bundles and 3 on^s, rather that separating as ioo, 20, 
3, I broke all bundles apart (123 ones) amd told kids to arrange these 
so I could tell how many easily. Good exercise. Alex really got into . 
it. Finally had iO bundles, 2 bundles, 3 sticks,. 

On more/less iteics, April and Calvin say how many it ^11 be, then adjiost 
their display. Alex adjusts his display, then counts to see hew many. 
Calvin and April good at interchanging n tens or (n x 10) ones. Karl 
okay on 40 tens (said 400) but kept saying 90 'tens was 109 or 119 — may 
be a verbal problem. 

None of the children knew what a number between 500 and 600 would so'und 
like. Karl said "287 + 369," Calvin said, "730." 

Alex easily deals with Dienes blocks but has trouble seeing a bundle 
of bundles as 10 bundles. 

Finding 10 less than 309 from a picture was hard. When blocks were 
brought to illustrate, pal vin' knew what to do. 
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All doing very well at writiing. Even Alex likes writi^* K^ept saying - 
he couldn't be tricked by xaxxed up order {e*g. , 4^^t ens, 5 o nes, 3v 
hundreds =» . ) . '"^ 

■■^ ^ , , , . ^ _ t-**'" . «• 

Writing numerals to show, counting by tens starting at, for exair^le, 407, 

•going slwXy but smoothly^ Even Alex getting this. When a display *.s 

used at iir§t to see<,the patstem, Karl and Ale-^ okay* Calvin, and April 

'can do it without' the display?. * , - 

L^read l nundred# 9 ones, 3 tens aiid a^ked the kids to show with colored 
chips (hundred =» blue, one = white > ten = red). Abel and TcirJiny put 
objects out ih'^order they were called; e.g., JL blue, 9 white, and 3 red; 
but they read it jrorrectly. 

» •■ 
A SasJc. v«<t& to show 22 tens with blocks — no one could do it. When I 
heid'ug^ 5k. loKg and askec., "How inuch?*^ they said, "1 ten" — said, "Show 
me 2Z p^nsJ^, Oniy Beccy did it. • Finally everyone did it and we counted 
to' get 2Sa. Tiien, when I asked "How hiany tens in 220?" np One could 
.rec^mber.* Betty figured it out — the -others had to count. 
V s > 

/rfTey ail ^had difficulty starting at a number and counting byhundreds, 
tens, and ones. Putting objects out helped, but even thep# only Betty 
and ToEsay seemed sura^ of themselves and could eventually do it without 
objects".- 

Bridging the hundreds is difficult for them ail. 
i^orksfieet with exercises like: tens 

^ones 635 

^hundreds 

went better than expected — they actually read the words. Mary noticed 
that og ' ^tens 

ones 333 



hundreds 



she didn't have to read the words because they are ail threes. 
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The first evaluation interview was concerned with an evaluation of the 
children <^ concept of numbed for nunibers named by 2-digit numerals. In the 
interview children, were presented with situations which gave them an qpppr- 
tunity to show their knowledge df place value. Questions were presented in 
symbolic, oral, and mani^Julative modes an* children were asked to respond to 
questions in these modes as well. The children were asked to read 2-digit 
nximerals, to explain the meaning of each of the digits in a,'2-digit numeral, 
to, use manipulatives to show a '2r<^git number and to give himibers .which were 
10, 1, .and 1-ten more than givei: numbers, . . ' 

• • 

The interview questions were prerecorded for video presentation to the 
chi. dren» During the, interview the interviewer Would* start and ^op the 
videotape and proceed with^ further questioning when appropriate* The 
detailed outline of the interview is given in Appen<5ix B. A video recording 
was made of each individual interview. Following the interview, the 
recordings were^ viewed and each child's performance scored by the evaluators 
according .to a scoring procedxire v^ich they designed. The. scoring procedure 
assigned to each child two scores, one was a score which reflected the 
child's ability to explain why he gave the response. The" latter was called 
an understanding score. " * 



Shown in Table 2 'is the profile sheet used to record the information 
about a child'-s performance and also the number and percent of the children 
in each group who were judged to have performed satisfactorily on that item* 
' . 1 

« / • Tab-le 2 

Student Profile Sheet for Interview 1 with the number and percent 
of students who responded correctly to- each item by groups 



I tem 



Group 





-^ui (5) ■ 


U2 (5) 1 U3 (6) 


^) ' 2M-(/!) 


C (5) 


Read 35 as • , 
Read 53 as 

, CD Why 53 ( ) 

5 means 
3 means 


3 (60) 


3 (60) 


5 (83) 


3 (75) i 3 (75) 


5 (KG) 


3 (60) 

3 ieo)' 

k (80)' 
5 (100) 


3J60) 
J J 20) 
3I6O)' 
3 (50) 


5 (83) 
'^'(67) 
^'(67) 

5 (83) 


3(75) 
2 (56) 
k (100) 
i» (100) 


3^_(75) 
'k (100) 
k (100) 
^ (100). 


5_0oo)_ 

k (80) ~ 
3*(6>) 
2 (AO) 


Thinks of 2'* as 

(2) 

^ ' After 20 + , thinks 


3 (60) ' 1 (20) 


2 (33) ' 2 (50) '-3. (75) 


1 (20)' 


» 

f 







(continued next page) 
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Table 2 (continued) 



(3) 



tens and ones 

(fa) and- * (c) 

» ■—II ii> ^ 

!(a) , ' Why (a)_ 

. Why- (b)_ 
Why (c) 



k (60) 
5 (100) 
5 (TOO) 



3 (60) 
•3^(60) 
3 (60) 



2 CiO)-' 1 (20) 



2 (40) j 1 (20) 



6 (100) it flOO) 
6 (100)1 i* (lool 
6 (lOO)U (100) 



k Ooo) 

i» (100) 
k (100) 



2 (33) * 1 (50) ' 



1» (67) 2 (50^ 



1 (20) 2 (30) 



5 (33)1 1 (25) ■ .1 (25) 



0 {ol 

T{2S) 



I'm 



1 (20) 
V'(20T 



2 (40) 



ten more than 20: wrote Why 

(4) one more than 32: wrote Why 

one ten more than 

30: wrotej Why . 



(5) • 



(6) 



0 (0)- 

1 (20) 



1 (20) : 
1 (20) : 



1 (20) ' 
^ 1 (20), ' 



(2.0) 
(20) 



(20) 
(20) 



(20) 
(20) 



How many pieces of candy? 



How knows 



wrote_ 
sai d 



i.3 (60) 2 (1*0) 



I (67) 
1 (67) 



2 (50) 
2 (50) 



(0) 
(0) 



2 (33) 
2 (33) 



1 (67) 
1 (67) 



2 (50) 

2 (50) 

2 (50) 

2 (50) 



0 (0) 

0 (0) 

0 (0) 

0 (a) 



2 (33) 3 (75) 

3 J[33r 2J5(3) 
3 (33) '. 2 (50) 



k (-.00) 
4 (1_00) 
2 -(50) 



3 (60) 
3 (60) 



3 (60) ■ 

3 (6,0) J 

3 (60)- 

i* (80) 



5 (100) 
5_(100) 
5 Ooo) 



Conf Igurat ion 



it (80) 3 (60) 



k (67) A OOO) it 000) 



, h (80) 3 (60) 



Why 23 



2 (33) Ooo) if OOO) 



i* (80) 



5 000) 



(7) 



C8) 



Configuration 



5 Ooo) 2 lito) 3 (50) ii^Ooo) 4 Ooo) 5 Ooo) 



Number read' 

Why ( ) 



Showed 27 - Yes No 

Showed 28 - Yes No 

Read 28 - Yes No _ 

Showed 38 - Yes No 

Read 38 - Yes No 



5 Ooo) ' 2! (iio) ' 2 (33) 4 Ooo) i* Ooo) 5 Ooc) 



li (80) 7 (20) ^ 2 (33) 3 (75) k OOO) k (80) 



3. (60) 2 (i*0) li (67) 3 (75) 3 (75) 5 OOO) 
3 (60) 2 (i»0) 3 (50) flOO) 2 (50; . 5 OOO) 



t-T- 



i* (80) 3 (60_) 3 (50) 3 (75) 3 (75) i* (8o) 
2 (i*0) 3 (60) 3 (50) .3 (75) 3 (75) i* (8o) 
2 (i*C) 3 (60) 2 (33) 'f flOO) '4 OOO) i* (80) 



FRir 



*The number in parentheses indicated the number in the group. 
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In Table 3^re preseht^d^adjus^ed and vmadjusted me^ns for the five 
e;cpefiinent'al gj:o\5)s. The means are adjiisted to' reflect differtoces among 
the groups on the KeyMath Diagnostic Test and the Otis-Lennon Mental Ability 
Test, Elementary 1 LevelV Form J*' In an intuitive sense the. adjusted means 
equailae the grotj^s for KeyMath scores and^ IQ scores; The adjusted ifieans 
for the understanding scores order the groups, from highest to lowest perfor- 
mance in the ptder"2M, Ul, U2,; U3, and M. For the skill socres, the 

. ^adjusted means order the grotros as 2M, U2, M, Ul^ and U3. Group, 2M was 
highest on both skill and understanding while' Group U3 (the abacus group) 

*was among the lower two. for both skill and understanding,,scores, ^ 

Also presented in Table 3 is the F and* the significance level of the F 
from the analysis of covariance which was done to determine whether there* 
are statistically, significant differences between ^y of* the adjusted groip 

Ameans.K^.'inie^ analysis was -conducted using KeyMath^test scores ani5 IQ test 
scores as covariates- The* information suggests jthat the -data trend for 
skill 'scores has 'associated with it a probability of ,912, that the 
observed differences are due to treatment" effects and are not due to_a. chance 
occurrence. .OJhe data trend observed for the understanding scores has a very 

•low probability (-60) ""that the observed differences are due to treatment, 
(instructional differences) effects rather than to a chance occurrence. This 
investigator urges that extreme caution must be exercised in -^interpreting 
these statistics* Th^ number of subjects in each treatment sroup wa$ so 
small as to raise the question about whether the statistics' give i in Table 3 
are meaningful. There is no agreement among statisticians about the effect 
of , small san^les of the F sta.tistic. Conrputed' R^' s of- .67,.. 70/ and .73 
suggest that, the combination of KeyMath Test scores and IQ scores account for 
67, 70/ and 73 percent of the variation in the skill, understanding, an4 
total scores. . 

Table 3 

MeanaJ (X) afid adjusted means (AX) for Int^xyx^w 1 skill and understanding 
scores by grorps and the significance level^^of the F-s,tatistic for the 
1x5 analy.c"' of covariance with KeyMath and iQ scores 



Group 



Ski 1 1 Understanding 

AX F p J [ AJ 



Ul 


12.20 


13.37 


7.20 


8.ij8 


U2 


15.20- 


15.35 


7.80 


7.85 


U3 


11.33 


11.3^ 


6.33 


6.22 


M 


17.75 


14.89 


8.75 


6.06 


2H 


16.5^ 


17.90 


7.-50 


8. '72 



2-4 2 .088 • ' 1.08 .40 
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" * Another word of caution is in order at this point about <Jrawing a 

cpnclu^ioh that the 2M instructional method is superior and that the lf5 • 
instructional method is inferior. The possibility eicists that the 214 group 
contains a child whose expected performance based on pre-tqst scores was 
less tkan his actual performance* This could', in a small group, substantially 
affect the mean of the entire group- Similarly if 'a child in tlxe U3 group 
had score^shigh on the pre- tests., but performed below expectation on the 
interview, the. 1 this could substantially depress the mean for that group. 

In Table 4 are presented adjusted and unadjusted mears for five 
experimental groups and the control group- The means are adjusted to 
reflect difference among the groups>on the KeyMath Diagnostic Test. The 
adjusted means for the skill and understanding'^s cores order the groups from 
highest to lowesr performance in the order 2M, U2, M, Ul, U3,^C and 2M, U2^ 
Ul, U3, M, C. Ppr both the skill ^d understanding scores each of the 
experimental groups performed a?, we-.l or better than the control group. 



— Table-4- 



Means ~ (xy~and~"ad jui t^"15e^^ nEoFTrvtWv^^ 
scores by groups and the significance level of the F-statistic for the 





*1 X 6 analysis of covariance 


with KeyMath and IQ 


scores 






Skill 


i 




Understanding 




GROUP 


X 


AX F 


P X 


AX E . P 




Ul 


s 

12.20 


13.72 


7.20 


8.77 




U2 


15.20 


16.49 


7.80 


9.13 




U3 


11.3? 


12.54 


6'. 33 


7.58 . ' 




M 


17.75 


15.83 


8.75 ■ 


6.78 




.2M 


16.50 


18.29 


7.50 


9.34 




C 


16.80 


12. 65"^^ 


8.40 


4.13 










.07 


1.73 .17 






I 



^ome cori^cluding remarks which reflect the investigator's interpreta- 
tion'' of these data are: ^ ' . g 

1. The abacus taken by itself does not serve as an aaequate manipulatave 
aid for developing numbcir concepts in children for numbers n^ied by 
2-digit n\imerals.~ 

2, The superior performance of the 2M instructional group suggests the 
possibility that a multi-embodiment approach is superior to a uni- 
embodiment approach, .However, this remark must be greatly tempered 

^by the fact that the M group *s performance, as indicated by the 
adjusted means, was lowest .for the understanding scores and in the 
^ middle for skill scores. ^ 
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We turn our attention next to another type of data which reflects 
performance of the children in the several instructional groups. An 
analysis of the children's responses ^o the questions presented in 
Interview 1 suggest that children's responses to questions about numbers 
can be categorized as* reflecting one of the following interpretations 
of a number named by 2-digit (or 3-digit:) nuniorals.: 

_1, As tens and ones, for example 24 as 2 tens and 4 ones. 

Similarly for 3-digit numerals: as hundrd'ds, tens and ones. 



2. As ^-^Bml tiple of ten and ones^ fo^ example 24 as 20 and 4 
ones, similarly for 3-d;Lgit numerals: .as multiples of on^ 
hundred and^te^ aiid ones. 

3. As ones, for example"^24^^as 24 ones. 
^ 4. As separate entities, for exainp^e, 24 as a 2 and a 4. * - 

. — - , , ^ 

5. As tens emd ones,- with ones greater toto^ine, similarly 
for 3-digit numerals: as hundreds, tens and^nes with the 
nuii±ier of tens or -ones greater than nine. ^ «^ 

B. Other., that is, responses that are not classifiable into" 

any one 'of^^tlie other five categories. "\ 

The fact that tht children's responses were observed to fall^^jinto 
these categories was not a* surprise iince it was an instructional 
objective to teach .children to view "2-digit numbers" in each of the 
first three 'categories. 

Acceding scheme was developed by the investigator to cpd^ chil- 
dren's responses into the identified categories. After the responses 
were coded, including an indication of whether the response was considered 
correct within the category, the number of attempts and number of correct 
responses for each subject in each category were recorded. Within cate- 
gory 4 a response was labeled as "correct" provided , that the child kapt 
the two* digits separated in his thinking as opposed to "joining them" and 
thinking of 24, for example r as '\2 and 4 and that's 6." Then a Tiumber 
concept index indicating the number of correct responses as a percent of 
the total number of attempts was computed for each child ^d for each^ 
group. A summary of this ijpformation is given in Table 5 (on the follow- 
ing page . ) » • ' 

It is apparent that this number concept index for Group M - 44.7, 
10.6, 12.8, 4.3 - represents a i.uperior number concept than the index for 
group U3 - 18.3, 16.9, 9.1, 2.6, for example. Although the investigator 
has no definitive way to determine whitrh of two such indices represent 

statistically significant superior performance, it does appear tbat the 
instructional treatment U3 was ^finitely inferior for developing an 
adequate number concept for children. The higher ability children in 
the experimental group (Exp. H*^ U H'^ , Table 5) and p.n the control groups 
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are comparable on pre-test scores, but the number concept index for the 
Exp K**" U H appea4:s to be considerably higher than that for the control 
group. * ' • ' 

> Table 5 



Sununary of coded responses 
■in categories 1, 2, 3, and 
responses coded. 


indicating the 
4 as a percent 


number .of cor 
of the total 


rect responses 
number of 


Group • 1 


Category 
2 




A 

4 


Ul. . 30. i» . 


7.3 


10. 1 


2.9 


' U2 AO. 8 


16.3 


k.] 


6.1 


U3 ' ' 1,8.3 


16. 9' 


9.1 


2.6 


M kk.7 


10. a 


12:8 


' ^5.3 


2M 39.6 


3.8 . 


1.9 


0 


C 27.1 ^ 


11,. 9 


18.6 


10. 1 


*Exp h"^UH' 50.5 


19. A 


9.7 


1.01, 



*The group of students in 'the experimental grc^ups classified as high 
according to their scores the pre-tests. 



A particular observation made by the investigator and group instructors 
during zhe day-to-day concJuct of che. experiment concerned children's ability 
to give correct resr ses using a manipulative as compared with their ability 
to gxve symbolic responses to similar questions. During information dis- 
cussions, it vas frequently seated by the group teachers and the investigator 
that when the response mode was manipulative the lower ability chilcren per- 
formed as well as the high ability children. 

In Table 6 (found on the following page) the total number of correct 
responses for the high, middle, and low groups of experimental group children 
is given as a percent of the total number of responses attempted in these 
categories. . ' 

While these dath suggested that the observation made above is net a 
true statement, there is indication that the lower ability children do perform 
comparatively better at the; manipulative level than ac the symbolic level. 
The differences between che percent correct for the Sxp H "^^ U H and the 
Exp L U L ~ groups for the manipulative and written response categories 
was 34% and 60%, respectively. That is, when tlie response made was symbolic, 
the "high" students gave 60% more co>:r'=;ct responses than the "low" students; 
when the response made was manipulative, ' this difference was reduced ^y 
nearly 1/2 r- ti 34% mere correct responses for "high" than "lew" students* 
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The implication of these data f6r teacher who wislj: to give their children 
a greater feeling of success is clear. 



Table- 6 \ 

Correct oral, manipulative, cind written responses as a percent 
of total responses attenpted- 



7 * 



Response Category 



Group - oral manipulative written 

Exp h"^ h" ' ^ , . . 93% 83% 

Exp m"^ U . \ 22% 

Exp U l' , '59% 20% 



' ^ *The total number of oral responses requested of subjects in 

the interview was so small as to mcike any comparisons meeiningless, 

l\fkimiOH WTEmEW 2'-AWmOU AWP SUBTRACnOW FOR MUMBERS WAWEP BY 

2-WGIT mi^iERALS, hlO RE6R0UPIWG. 

The second evaluation interview was concerned with an evaluation 

of the children's concepts of addition, siabtraction, and order for numbers 

named by 2-digiL. numerals. In the interview children were presented, 

problems dealing witli addition, sxabtraction, and order. Addition eind' 

subtraction problems were presented symbolically, iconically, and orally ♦ 

The order problems were presented symbolically. For addition and suiDtrac- 

tion problems presented symbolically oi^ qrally, the children were asked 

to solve the problem and explain their pA^edure in arriving at the 

answer. For addition cind subtraction problems presented iconically, 

children were directed to write the, problem for thk picture, find the ^ 

answer to the- probleiK^ a*,'' explain how the problem and picture "go 

together. " One addition problem and one subtraction problem involved 

regrouping. These items were included to investigate children's ability 

to transfer knowledge to this type of problem. The order questions 

required the children to indicate which of two numbers, was more or l-ss. 

And also to complete senten'^e by inserting < or > , to make a true 

sentence, and to explain ivliy one of the two numbers is more or less. 

« 

The evaluation questions were dete^rmined in advance by the evalua- 
tors, according to the objectives ^f the written teaching materials. The 
questions and test materials were presented to the children according to 
prewritten script. Packets of problems were organized and presented to. 
the children; for example, the first six items of the evaluation were 
concerned with addition. The children were presented with. this packet^ 
of six problems and the direction^ and questions for each item were 
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essentially the same, except that the last two items in che packet required 
'the children to use manipulative ob3ects to aid in their explanation of how 
the problem was worked. 

The complete script for the structured interview evaluation is containecj 
in Appendix C. 

Shown m Table 7 (the ne-^t 4 pagps) is the profile sheet used to record 
the information about each child's performance and also the number and percent 
of the children in each group who were judged^ by the evaluatorS/ to have 
performed satisfactorily on each item. 

In Table 8 are presented ad^^sted and unadjusted means for the five 
experimental groups for skill and understanding scores derived from rntervie^ 
2. The means were adjusted as described for Interview 1 scores. 



Table 8 

Means (X) ajid adjusted means (AX) for Interview 2 skill and under- 
standing scores by groups and the significance level of the*F-statistic 
for the 1x5 analysis of covariance with KeyMath and IQ scores. • 



\ 







Ski 


11 • 






Unders tan ding 




Group 


X 


AX 


F 


P 


X 


AX 


F 


P 


Ul 


31.20 


33.94 




0 


21.00 


24.04 






U2 


31 .20 


30.82 






25.80 


25.99 






U3 


■ 28.83 


28.09 






22.50 


22.30 






M 


28.75 


22.64 






24.00 


17.30 






2M 


26.25 


28.42 


1.56 


.229 ' 


18.50 


21.47 


■.61 


.999 
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Table 7 



Student Profile Sheet for Interview 2 with the nmnber and 
percent of students whb responded correctly to each item by 
groups . 



ITEM 


• 




U3 (6" 


^ M{4) 


2M(4) 'J'C{5) 


Read problem 0 1 


4(80) 


2(40) 


5(100) 


?{50) 


3(75)*\^ 


5(100) 


(1) 5 

+ 23 0 1 


5(100) 


5(100) 


5(100) 


. 4(100) 


3(75) 


5(100) 


Explanation 0 1 


;5(ioo) 


5(100) 


3(50) 


2(50) 


•3(75) 


4(80) 


Read problero 0 1 


3(100) 


5(100) 


5(67) 


3(75) 3(75) 


4(80) 


(2) * 30 

' + 40 0 1 


4(80) 


5(100) 


6(100) 


3(75) UdOO) 
1 


5(100) 


Explanation 0 - 1 


y* / on \ 
4 \ oU) 




4 lo / J 


2(5Q) 


3(75) 

{ 


4 (80)v 

s 


Read prcble^ 0 1 


5(1-00) 


5(100) 


5(93) 


2(50) \ 


3(75) 


\ 

4(80) 


(3) 40 

+ 23 0 1 


5(100) 


5(100) 


6(100) 


3(75) " 


3(75) 


5(100) • 


Explanation 0 " 1 


5(100) 


4(80) 


4(67) 


2(50) 


3(75) 


4(75) 


Read problem 0 1' 


5(100) 


4(80) 


6(100) 


3(^75.) 


•3(75) 


3(60) ' 


(4) 42 


5(100) 


4(8(?) 


5(93) . 


4(100) 


3(75) 


4(80) 


Explanation 0 1 


I 

. 3(60) j 3(60) 


3(50) 


3(75) 


3(75) 


3(60) 


Read problem 0 1 


i 

5(100) i 5(100) 


5(93) 


2(50) 


3(75) 


4(80) 


(5) 46 

■^ 23 0 1 


5(100) , 


5(ioor 


6(100) 


4(100) !3(75) 


5(100) 


Explanation 0 1 


4(80) 4(80) 


4(67) 


3(75) 


1 

4(100) ! 4(80) 


j 

Show with aid 0 1 2| 0 

|{10) 


5 0 
(100) '(0) 


5 

(100) 


0 

(0) 


5 

(100) 


0 

(0) 

» 


4 ' 
(100 


0 

1 (0) 
1 


4 \o 
(100\ (0) 


4 

(80) 
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•Table 7 (paft 2) 



(6) 



(7) 



(8) 



(9> 



•ITEM 

Read problem 0 1_ 



27 
+ 35 



Explanation 0_ 

Aware of 
regrouping 0_ 



She.' with aid 0 '1 2 



ur(5). 



5(100) 



3(60) 



2(40) 



U2(5) 



5(100) 



3(60) 



:(60) 



1(60)' 



2 -2 
(40);(4g) 



Read problem 0_ 



37 
4. 



Explanation 0_ 



5(100) 



2 2 



(40) 



(40) 



U3(6) 



4(67) 



2(33) 



M(4) 



3(75) 



1(25) 



3(50) 



3(^0) 



5 0 
(93)' (0) 



5\(100) 



6(100) 



3(60) 



3(60) 



5(100) 1 6(100) 



5(100) i 3;iOO) 

f 



1(25) 



2(50) 



1 j 1 
(25),( 



2 '50) 



2M(4) 



3(75) 



0(10) 



2(50) 



C(5) 



4(S0) 



4(80) 

T " 



3(60) 



1(25) 



3 

25S(75) 



0 

(0) 



3(60) 



(40) (0) 



3(75) i 4(40) 



3(75) f 4(100) 



Read problem 0 1 I 5(100) i 5(100) 



5(93) 



56 
- 6 



4(80) 



5(100) ! 6aoo) 



T 

2(50) i 3(75) 



5(100) 



4(80) 



2(50; 



(75) ; 4(80) 



4(75) 



Exrilanation 0 



Read oroblem 0 



3(60) 



5(100) : 3(50) 



f 

2(50) 



4(100) ^ 5(100) 



3(75) t 4(80) 



5(100) 



5(100) 



4(67) ! 3(75) 



3(75) 4(80) 



89 
53 



\ 

1 1 4(80^i 



5(100) I 6(100) 



Explanation 0 !_ 



4(80) 



4 '80) 



1 • 

i 5(93) 



4(100) 1-4(100) 5(100) 



3.75) \ 4(100) ' 4(80) 



Show with aid 0 12 0 

(0) 



3 

(60) 



! 1 

^ (20) 



4 10^5 
(80) ! (0) (93) 



0 

(0) 



3 

(75) 



0 

(0) 



4 . 2 
(100)1 (40) 



1 

(20) 



Read oroblem 0 



5(100) 



5(100) 4(67) I 2(50) ' 3(75) 4(80) 



(10) 



53 
- 24 



Explanation 2_ 
Aware of 



0(0) 



0(0) 



0(0) i 0(C) . 0(10) 3(60} 



0(0) 



2(40) 



3(50) 0(0) 



i;25) 2(40) 



1(20) 



3(50) 



3(#75) 1(25^. 2(40) 



Show with aid 0 12 
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0 


0 


0 


1 ' 


I 


0 


0 


0 


0 1 


C 0 


1 


fO) 


(0) 


(0) 


(20) 


(17) 


(0) 


(0)1 


(0) 


(0)| 


(0» • (0) 


(20) 





24 + 22 


0 


1 


2(40 


• 3 (601 


'i 

2(335 , 


2(505 


2(50) 


3(60) 


(U) 


ExpLanation 


D 


1 


1 (20J 


4(80* 


2(33) 




0<10) 


0(0) 






■X — 
















23 + 5 • 


0 


1 


3(60! 


2 140) 


4(67) 


3(755 


2(50) 


4(80} 


(12) 


Explanation 


0 


I 


1(20) 


3(60) 


^ 3(50) 


4(100) 


1(33) 


^(60) 




32 ♦ 6 


0 


1 


3(60) 


2(40) 


• 2(33) 


3(75) 


1(3.3) 


•4(80) 


(13) 


Explanation 


0 


1 


1(20) 


3(60) 


. 3(50) 


2(50) 


2(50) 


•4(80)' 




45 - 32 


0 


X 


1 (20^ 


2(401 


' 2{33f 


1(33! 


i 1(33) 


X 

\ 1(20) 



(14) 



Explanation 0 


1 




2(40: 


2B3) 


ii33) 


:0(0i- » 


0*(0) 


-27 - 4 0 


1 


1(20^' 




3<S0) 


3<7S^ 


i2(S0) ' 




(15) 

Explanation 


1 


1(20: 


3i60' 


3(5Ct 


3 ■ 7S ) 


'it SO' ; 




Wrote rroble'^C 


1 


S(1DC* 




4. 1 o 7 f 




*4tiGD> \ 




(16* 

Explanation C 




4(6Cn 


4 ' 8C ' 


3^50/ 


' 3(75? 


4(100^ 


2(50) 






— ' — — — . 












Wrote profclemO^ 
^Explanation O' 






SflOO) 


4167. 


3(75) 


4(100) i 


2(40) 




4 i60» 


.4(SC1 


4(^7> 




?(75, 


2^40) 


















Read protiei?^ : 


1 




5(100> 




r ♦ 50' 


4(100) • 


4(80^ 


43 
- IS 


k 








3 ^ 75^ 




4(B0^ 


. Shw watn aid 0 I 


A. 




A. JL 


0 ; 3 


1 I 


. i 


1 1 2 






4 






' ".3 ' S 


1 





Table 7^ (part 4) 







Read problem 


0 


1 


/ 5(1C0) 


5(100) 


- ■ y — 

5(93)"' • 


2(50) 


3(75) 


4(80) 




(19) 


45 
-12 


if 

0 




3(60) 


4<80) 


1 

4(67) ! 


2 (DO) 


4 (lOOJ 


5(100) 




Show wLtn aid 


Q 1 


2 


' 1- 2 


2 2 


! 

■Q 3 ; 


i 2 


2^ 2 


0 4 












(20) (40) 


v'40) (40)t 


(0) (50) 


(33) .(50) 


(50) (50 


(0) (80) 
% 






Read problem 


0 


1 


4fao) 


t 5(100) 


4(67) 


3(75)' 


3(75) 


4i80) 




(20) 


Relate^ to 
picture 


0 


1 


3(60) 


! 

4(80) 


* 

6(100) 


3(75) 


2oO) 


3(60) 






How/changes 


0 


1 


1 3(60) 
! 


i 4(80) 
I 


3v50) '] 


2(50) 


1(25),^ 


2(40) 






Read oroblem 


0 




i .4(30) 


^ 5(100) 


4(67) . ; 


3( /5) 


1 3(75) 


' 

1 4(30) 




(21; 


Relates to 
oicture 


0 ^ 




1 

* 

1(20) 


1 
» 

i 3(601 


f 

^3(50)^ • 


3(75) 


1 

1 

. 1(75) 


1(20) 






How/changes 




X 


1 '^2oy 


j 3(60) 


2(33) . 


3 ( /5; 


' 0 {0} 


0 (b) 








* 


















(22) 










' 1(20)' 


1 

i 3(50) ; 


3(75) 


2(50} 


J 3^60) 
















1 






f 




.23) 


/why harder 






0 ' 0 ^ 
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The adjusted means for the skil"! ^apores order *-he groups from 
highest to lowest performance in the order Ul^ Ul^kti, V3, M. For the 
understanding scores .the adjusted mecins order the gfdups ,as' U2, 131, U3, 
,2M/ M. Also presented In Table 8, 2 is the F-statistic and the signi- 
ficance level of the .F from the analysis of cpvariance which was done 
to determine whether there aie statistically significant differences 
between any of the adjusted group means. The analysis was conducted 
using KeyMath and IQ test scores as covariates. This information 
suggests that the data trend apparent for skill scores has associated 
.with it a probability of . 771 that the obsei'ved differences are due to 
instruction and are not a chance bcciirrence. The data trend for the 
vmder stanching scores has a very low probability (at most .001} that the 
observed differences are due to instruction rather than being a chance 
occurrence. 

Similar information concerning the analysis of data including the 
control group is given in Table 9 below. 



Table 9 

mm. ' — * 

Means (X) and adji:isted means (AX) for Interview 2 skill and 
understanding scores by groups and the significance level 
of thjB F-statistic for the 1x6 analysis of '^ovariance with 
KeyMath scores. 



Skill^ V Understanding 



uroup 






F 




X 


AX 


F 


.P 


'Ul 


31.20 


33.62 






21.00 


23.63 




V 


U2 


• 

31.20 


33.25 






25.80 


28.03 






U3 


28.83 


30.76 






22.50 


24.60 






M 


26.75 


23.68 






24.00. 


20.65 






2M 


26.25. 


29.10 






18.5C 


21.60 






C 


31.60 


24.S7 


1.20 


.340 


21.80 


14.59 


,69 


.99& 



\ 



In addition^ to the ihterview evaluation conducted b^ the evalua- 
tors, the inves tjiga tor , m coniainctior. with t}}e group teacTjers, prepared 
paper and pencil tests to measure childrer/s computetional skill. Sepa- 
rate tests were written for addition and subtraction. The addition- 
without-rearoucing test was xn two parts. The first part had 2C problems 

•^1 



give a. under power conditions die second part had 10 problems given under 
speed conditions. This test was scored on the basis of 30 points. In 
Table 10 (given below) are presented means and adjusted means for the 
additiou-without-regrouping total test scores. 

Table 10 - 

Means (X) and adjusted means (AX) for addition without regrouping 
totaS scores by groups and the significance level of the F-statistic 
for the 1x5 analysis of covari-ance with KeyMath and IQ scores 
and the 1x6 analysis with KeyMath scores. 

1x5 1x6 



Group 



X AX F - P AX 



Ul 


27.40 


27.88 


■ 28.37 


U2 


25.20 


25.51 


26.02 


U3 


• 25. 5t) 


25.75 


26.27 


M 


t28.50 


26.47 


27.28 


2M 


26.50 


27.17 


27;64 


C, 


29.20 




26.57 



. 3C4 . 999 .36 .999 



Adjusted n;ecir.s tzr tr.e 1x5 ar.d 1 x r: ar.al/ses crder trie groups frcm nighr^ 
tc Ic^vest per lcrr.an::e in th-e :rder 'Jl, 2M, M, 'J^, 'J2 contrcl, : /These data 
tr^.ds C'Ccn r.ave asDciated wxth^theTv a very l::w crccability a:: xosn 
that observed difterer.ces ^re sufficiently rreat to be attributable to ir.st 
-icr jo^d are not rr.nnce occ'jrr^r.o^^^: .* 

The s^J:tr^<;ti -r-*itr.O-.t- r»r^'r^ jpir.g t^st rf,i tr.e sar.»^ for:ra% as tr»^- 
addi-tion test^ The test was *n tvc ::arts: ?.irt I n^.-d 2r prccl^ms ar.d w^is 
Jiven ^nder cc*-'-r renditions: ^art r: oad IC rrcbler.s and was riven -.vd«^*r 
spe«2d ocndi ti orr.v. The t*?3*:s ^•*^re sjor^id ir. tr.c r^fis of: 3C possible tc*n*:^- 
I n ""ab 1 e 11 ^3 : v-.^ n : n •?n</ : . 1 ' ^*w t : t a a r o r ►-^t^ - -''d "".e jt n s i n d :s d ; ; j t - - 
means for \r.ti .^r or n . .r.-w: ^n . i-r^^:: .: t:ta* t-?st 



Table 11 

Means (X) and adjusted; m^ans (AX) for subtraction without 
regrbuping total scores by groups and the significance 
levei, of the F-statistic ^6r the 1x5 and 1x6 analyses of 
cpvariance with KeyMath scores and* with KeyMath and IQ 
scores , respectively . 



Group 



1x5 1x6 



AX F P AX 



Ul 


28.20 


28.52 




28.81 


U2 


,28.60 


28.78 




2'9.12 


U3 • 


29.09 


29.14 




■ 29.79 


M 


. 26.50 


25.26 




25.72 


2M 


26.50 


26.93 




27:22 


C 


29.80 






28.12 






.92 


.999 





.943 .999 



These adjusted means order the groups as* U3, U2, Ul (c^^-^'^i), 
2M, K. The associated probability that the observed differences are 
due to instruction" Is' at most .001. 

Again the writer suggests caution about the interpretation of 
these data^trezjds because of the ver^ small sample size. ♦ 

Some summary r^arks which reflect the inVfestigator *s interpre- 
tation of these data follow: 

1. For developing in second iders skill and understanding for 
addition and subtraction' of numbers named 3y 2-digit nume*rals 
the abacus; counting sticks^ and Dienes blc cks aro equally 

, effective as single manipulative aids* 

2, There is m this data nc evidence to suggest that the mul- 
tiplicity of manipulative aids is an important uarflT^le for 
developing in second graders skill and unnerstaiUing of addi- 

ition and subtraction of numbers named by 2~digitSrti;Rerals. 



The children's responses in Inteirview 2 were coded into the six ♦ 
categories discussed on page 63 . {She nximber coticept index derived from 
this coding (see page 63) is presented in Table 12; each ind5:X (4-tuple 
of numbers) indicates the number of correct respoVise^in each of the 4 
categories (see page 63 ) as a percent of the total number •of at ^mpts by 
groups. * ' 

Table 12 

Summary of coded responses indicating the number of correct 
responses in Categories 1, 2, 2, and 4 as a 'percent of the 
total number of responses coded. ^ > ' 



Category 

Group : — ' : : — 



Ul 


3.2 


. 14.9 


'3.2 


26.6 


U2 


0 


46.8 


0 


18.1 












U3 


0 


40.4. 


4.3 


31.9 


M 


0 


.19.2 


5.1 


44.9 


2M 


0 


24.3 


4.3 


10.0 


C 


0 


-. 14.7 


2.9 


. 39.2 


Exp H+UH- 


. 0 


. 50.8 


3.4 


15.8 



It ;ls ^of interest to compare the nuiribe*.- concept indices presented in 
Table 12 With those presented in Table 7. The indices in Taole 7 code tlie 
behaviors children vhen they were working on tasks that dealt spe^Jfica. ly 
with place value number situations. The indices in Table 12 pJresent indices 
which reflect . children* s behe^/ior when they were working on 2-digit additior^. 
and subtraction. Addition and subtraction of 2-digit r>umbers invol ^esj ar ap^li 
cation place value concepts but the application Is facilitated by a learned 
algorithm. It- is of particular interest that a much h*?her percent of the . 
children's responses suggested behavior which vas coded m cacecbrves which . 
suggest that the children interpreted 2-"figit nui.ibers as two separator entities. 

A descripnivr. cf r^er.avicr whiin trie investigator coded m Zaz^<;or:/ 4 
IS as follows. G;v^n tr.e ptcblen 

4^ • ' - 

\ 

K 

74 



t 



to work, the child might be heard to-' say "6 plus 3, 9; 4 plus 2, 6; 
sixty-nine*" When asked to e>rolain' how the answer was. gotten the explana 
tion would be like "veil, 6 and 3 is 9, 4 and '2 is 6*" Additional 
queries from the interviewer would not bring the child to suggest that 
the 4 ^arid 2 represent 40 and 20, respectively. The child's interpre- 
tation seemed to center Qn these as a 4 and a 2, ^ 

- It. is alsq interesting that almost no behaviors in Interview 2 
were coded, in Category li For -example, for the problem 

46- . , ' ; 

■^ 26 

almost no children were observed to say in explaining thflir process: 
"4. tens and 2 tens is 6 tens." A reading of the group teacher's logs 
gives some explanation' for this. It is apparent from these logs that 
children find the thinking represented by 4 tens and 2 tens is 6 tens 
much more difficult than the thinking represented by 40l plus 20 is 60* 

Qxiite a high percent of children's responses were coded in 'Cate- 
gory 2. This suggests that the investigator interpreted these behaviors 
toimean that the children were thinking of 2-aigit nuinbers a^-^ a mialtiple 
of tens and ones. A description of behavior which thb "inv^sl:iga1;or 
coded in this category is as follows. Given the problem • 
^ 46 ^ ' ^ • 

^^ 23 

^ to work the child might be observed to say 6 plus 3, 9; forty plus twenty 
sixty; sixty-nine. Or when asked to explain his process, the- child would 
say "6 and 3 makes 9 (p'^inting) and forty and twenty is sixty (pointing 
at 4, 2 and 6) ." 

More than 40% of the observed behaviors for children in groups U2 
and U3 were coded In Category 2, while all other groups had fewex than 
25% coded in this category*^ The range of tiie percents of behaviors 
coded in Category 4 (2-digit nuinbers intemreted as 2 separate entities) 
ranged from a high. of '44.9% in Group M to a low of 10% in Group 2M. 

An interpretation of this data is that both children in the experi- 
mentaJ groups and 'the control group exhibited a lower level of .thinking 
concerning the concept of 2-digit numbers while doing addition and 
subtraction than when dealing with place Value concepts per se. Mc*ybe 
this is not surprising. Indeed", this may be exactly the nujnber concept 
which the algorithm process for addition and subtraction encourages. 
Moreover, it may be the number interpretation wiich facilitates efficient 
algorithjnic processing. On the other ha;)d the H**" UH " group exhibited 
behavior ahout 51% of which was coded in Category 2. The performance 
scores on .edition and subtractio*i of this group is also higher. These 
are possibly coincidental h?ippeninqs, not cause and effec*-/ Indeed U2 an{ 
U3 experimental groups exhizited a higher percent of behaviors in 
Cateoory 2 than dic2 other experimental groups but their perfo'rmance 
scares an^ not consistently higher than the other groups* scores. 
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The implication of this information to teaching is not clear. Some 
clarification might be obtained if systtimatic comparison was made of skill 
and. understanding of 2^digit addition and' subtraction of two groups of 
children after receiving instruction in one of two modes. ^One mode would 
emphasize the language 4 "tens and 2 tens is 6 tens (or 40 plus 20 is 60) , 
while the other concen-trgtes on, the least amount of information necessary 
to process the algorithm? ^ that is, emphasizes addition through :^yinbol 
manipulation. * * ^ - 

Ei/ALUAHOW INTERl/IEW 3 - AtTPITION m SUBTRACTION FOR NUMBERS NAMEP 
• , BY 1-VlGU NUMERALS, WITH REGROUPING. 

The third evaluation interview was concerned with an evaluation of rhe 
children's concepts of addition and subtraction for numbers named by 2-dig,it 
numerals in which the algorithm process required regrouping* Children were 
presented with situations which required them to display numbers with objects 
and to trade to display the same number, but with more Or fewer tens. Addi- 
cion and subtraction problems involving 2-digit nunjerals were presented 
which required regrouping. Two of the itpms required the children to ^erfom 
an addition problem and . subtraction problem using a manipulative aid whxch 
was new to them. Two of the items presented children ^ith a situation in 
which they were askedji^ to judge whether or not a problem was worked correctly 
and if not, to explain why not- - * " | 

The evaluation questions were determincid in advance by the evaluate rs, 
according to the objectives of the written teaching materials. The questions 
and test materials were presented to the children. according to a prewritten 
script. The complete script for the structured interview is contained in 
Appendix D. ^ ' . - - ^ 

Shown in Table 13 (given on the (following 2 pages) is the profile sheet 
used to record the mfprm^tion about each child's performance and also the 
number a^id percent of the children in each group who were judged by the evalu 
tors t6 have performed satisfactorily on each item. 



Table 13 



Student Profile Sheet for Interview 3 with number and percent 
of students who responded correctly to each item by groups 



Item 


Skill 
Score 


* 




Understanding 
Score 


Ul (5^ U2 (5) U3 (6) 
# % # % • # % ■ 


M 

U 

tr 


{4ir 2M (4) 
% # % 


C 


(5) 

% 


1 


Read: 


0 


1 








4 


80 5 


100 5 


83.3 


4 


100 4 


100 




80 






• 




Show: 


0 


1 


4 


80 4 


80 5 


83.3 


4 


100 4 


100 


5 


100 










Ijlhat no. : 


0 


1 


4 


80 4 


80' 2 


33.3 


4 


100 2 


50 


4 • 


80 










Regroup : 


0 




1* 
4 


80 3 


n 1 
60 4 


16.7 0 
66.7 3 


n 1 
75" 3 


25 
.75 


1 
1 


20 
20 










What no* : 


0 




4 


80 4 


80 5 


83.3 


3 


75 3 


75 


2 ' 


40 


2 


Read: 


0 


1 


If 






3 


60 5 


100 6^ 


160 


4 


100 4 


100 


5 


lOO' 










Show: 


0 


1 


5 


100' 5 


100 :C 


100 


4 


100 4 


100 5. 


100 










What no. : 


0 


) 

1 


0 


I'OO 5 


■100 5 


83.3 


4 


100 4 


100 


4 > 


80 










Regroup: 


0 


1 2 


0 

C 

D ^ 


0 1 
1 nn A 

iUU H 


20 1 

oV 0 


16.7 
83.3 


0 
4 


0 1 
1 nn ? 

iUU 0 


75 


1 
2 


20 
40 . 


■ ' 


* 






' What no. : 


0 


1 


4 


80v 4. 


80 5 


.83.3 


3 


75 2 


50 


3 


60 


3 


Show addeftds: 


0 


i 2 


>> 






0 
4 


0 0 
80 5 


0 2 
100 4 


33.3-0 
66.7 3 


0 1 
:'5 2 


25 
50 


3 
1 


60 
20 










Answer: 


0 


1 2 


2 


1 

4p 4 


' 20' 2 
80 4 


33.3 
66'. 7 


0 
4 


0 1 
100 2. 


25 
50 


3 
& 


60 
100 


4 


Show minuend: 


0 


1 








3 


60 3 


60 '4 


66.7 


3 


75 2 


50 


3 


60 






<* 




Answer: 


0 


1 .2 


2 • 

2 


40 2 
40 2 


40 5 
40 1 


83.3 
16.7 


2 
2 


50 1 
50 2 


25 
50 


4 

0 . 


80 


b 


Read: 


a 1 








5 


100 5 


100 6, 


100 


4 


100 4 




80. 




Answer: 


0 


1 '2 








1 
3 


20 0 
60 3 


0 0 
60 6 


. 0 
100 


2 
2 


50 0 
50 4 


a 0 
100 4 


0 

80 




Read answer: 


.0 


1 








5 


100 5 


100 6 


100 


4 ' 


100 4 


100 


5 


100 










Explain : 


0 


1 2 


1 
2 


20 0 

40 3 . 


0 0 
60 6 


0 

100 


2 
2 


50 2 
50 2 


50 
50 


0 
4 


0 

80 



6 Read: G 1 

Answer: 0 1 2 

Read answe*-: 0 1 



£y; lain* 0 1 2 
^ (CONTINUED) 























5 


100 5 


100 


6 


100 


4 


100 3 


75 


4 


80 


1 


?0 0 


. 0 


0 


0- 


2 


SO 0 


0 


0 


a- 


3 


60 2 


■ 40 


4 


66.7 


'2 


50 3 


75 


{', 


1-00 


5 , 


100 5 


iOd 


5 


83.3 


4 


iOO 3 


75 


5 


•100 




40 0 


0 


1 


15.7 


2 


50 i ' 


25 


1 


20 


2 


40 2 


4C 


3 


50 


2 


50 2 


50 


3- 


60 
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Table 13 
(continued) 



Item l^^^^ Understanding m (sf U2 (5) ' U3 (6) M (4) 2N (4) C (5) 



Shov addends: 0 0 1 " 20 0, 0 L ^ Z^'O- 0 0 • .0 



0 X 2 3 60 4 80 5"' 53.3 2 '>75b- 3 .- 75 5 100 



. " n 1 9 0 0 0 0 2 -33.3 0 0 0 0 1 20 

Answer: U i ^ ^ 'gQ 3 60 2 33.3 3 , 76 2 Sd" 3 60 



8 








Show fninuend.:0 


1 


'4 


80 


4- 


80 


3 


50 3 


75 1 


25 5 


100 










' Answer: 


0 1 


2 


0 


^ 0 


1- 


20 


1 


16.7 0 


0 0 


C 1 


20 










4 


80 


2 


40 


1 


16.7 ? 


50 1 


E5 2^ 


^>4tf 




Read: 


0 


1 2 








3 


' 60 


4 


80- 


2- 


33.3 1 


25 2 


50 1 


• 28 


9 








2- 


40 


1 


20 


3 


- 50 2 - 


50 1 


25 3- 


'66 
















0 


0 


0 


0 






25 0 


0 0 


0 










Explain: 


0 1 


2 


4 


80 


1 


20' 


r 


^3.3 2 


50 2 


50 2 


40 


10 


Read: 


0 


1 2 








-0 


0 


0 


b 


0. 


0 0 


0 0 


0 0 


0 








5 


100 


5 


100 


5 


S3. 3 3 


75 i 


. 25.4 


80 




Answer right: 


0 


1 








3 


' 60 


2 


40 


1 


16.7 2 


50 1 


25 3 


66 










Explain: 


0 1 




0- 


• 0 


1 


20 


1 


16.7 0^ 


0 0- 


0 2 


40 










2 


2 


40 


2 


40 


2 


.33.3 3. 


75 1 


25 '2 


40 



*The upper number indicates the , number of children who received a 1, the lower number 
who received 2. - ' ^ ' ' . 

aThe nupiber in parentheses indicates the number xn the group. * 

♦ 
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In Table 14 are presented adjusted and unadjusted means for the 

five experimental groi:5>s for skill and understanding scores derived 

from Interview 3, The means were adjusted^, as described for Inter- 
view 1 scores. ^ 0 

Table 14 



Means (X) and adjusted means (AX) for Interview 3 skill 
and uriderstandi.ig scores by groups and the significance 
level of the F-statistic Iror the l,x 5 analysis of co- 
variance with KeyMath and IQ scores • 



Group 



Skill 



Understanding 



AX 



Ul 11.80 


12.98 


21.20 


23.75 


U2 11.50 


14.10' 


21.60 


22.48 


U3 . - 12.17 


13.29 


24.00 


24.57 


M 11.75 


11.04 


25.25 


17.08 


2M 10.50 


11.68* 


17.25 


20.28 



,506 



.999 



,817 



,999 



^ The adjusted means for the skill Sv^ores order the groups from 

highest to lowest performance in the order U2, U3, Ul, 2M, M, For the 
understanding scores the adjusted means order the groups' as U3/ Ul, 
U2, 2M, M, Also presented in Table 14 is the F-statistic and the 
significance level of the F from the analysis of covariance which was 
conducted to determine whether there ^re statistically significant 
differences between any of the adjusted group means. The analysis was 
conducted using KeyMath and IQ test scores as covariates. This ipfor- , 
n;ation suggests that the data tre. ^ apparent for the skill scores has 
associated witli it a probability of at most ,001 that any observed 
differences are%due to instructional effects rather than being a chance 
occurrence. The date trend for tlie understanding scores has a similarly 
low probability, 

V 

similar information concerning the analysis of data including the 
control group is given in Table 15 (shown on the following page). The 
adjusted mean skill and understanding scores respectively /Order the 
• grbu|3s as U2, il3, Ul, 2M, M, Control and as U3, Ul, U2, 2M, M, Control. 



For the understanding scores there is an associated probability of ,95 that 
observed differences are d^e to instruction- It is apparent that the control 
group did significantly poorer on the understanding of addition and sub- 
traction involving regrouping although their skill scores cid not differ 
significantly, based on adjusted mean scores- 



T^le 15' 

Means (X) and Adjusted Means (AX) for Interview 3 Skill and 
Understanding Scores by .Groups and the Significance Level of 
the F-Statistic for the 1x6 analysis of Variance with KeyMath 
Scores 



Group 



Skill 



AX 



.833 



.999 



r — 

^ X 



Understanding 



AX 



' F 



Ul 




11.80 


13. 


23 


21.20 


25.37 


U2 




14.00 


15. 


21 


21.60 


25.14 


U3 




13.33 


14 


47 


24.00 


27.33 


M 




13.75 


U 


94 


• 25.25 


19.96 


2M 




10.50 


12 


18 


I7.25I1 


22.17 


C 




15.20 


11 


.29 


•19.80 


8.39 



2.650 



,05 



In addition to the interview f valuation conducted by the evaluators, the 
investigator, in coa]uncti5>n ^i\h r group teachers, prepared paper and 
pencil tests to r:\easure children' ^5 c :.i'nputational skill. Separate tests were 
written for addition and s'ibtracr.jL':.n- The addi tier -with -regrouping test wa5\ 
in three pa^rs. ^ne f±r?t pa^c had twenty addit\jn item* and was given under 
powar conditions. Part II had 10 addition icem? and was given as a tmed 
test. Parr III h^d four addition ite,ins; ti".e children were given the oppor- 
tunity to use manipjiativss on this part which was given under power conditi 
Thu.^ the tota-l test was scored on a cas-is of 34 points. In Tai^le 16 'shown on 
the following page ■ are presentied .■^♦-"^'a and ad^ustep means foir tne additJon- 
wi thcut-regrcupin^ t:^tal tvs*: scores. 
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Table 16 ^ • 

Means (X) and adjusted means' (AX) for addil^ion-with- 
regrouping total test scores by groups and the sig- 
nificance level Qf the ?-statistic for the -1x5 
analysis of covariance witli KeyMath cuid IQ scores 



Group V X - F P 



Ul 


' 27.80 


27.68 


U2 


, 24.00 


25. 30 


U3 


31.33 


32.67 


M 


27.75 


' 23.41 


2M 


33.25 


'34.00 



4.06 .017 



i^djusted means for the 1x5 analysis' order the groups from highest 
to lowest performance in the order 2M, U3^ Ul, U2, M. The associated 
probability that this trend i3 other than a chance occurrence is .98. 
Moreove):, the data suggest that this is due, at least in part, to the 
fact that the' adjusted mean for group 2M is very much greater rhan the 
adjusted mean for M, for example. HoweveXf due to the fact that the mean 
time for group 2M v;as also very great in comparisorT^o the other groups, 
it is moire likely that this difference in mean acnievement scores is 
dtie to the time used rather than because of achievement 'differences due 
necessarily to instruction. Thus, caution about interpretation of the ^ 
data due to the very small sample size is again suggested. 

The subtraction-^ith-regrouping was similar in all respects to rhe 
addition-with-- regrouping. In Table 17 (shown on the following page)^ are 
presented means and adjusted means for the subtraction-without-regrouping 
test. 

Adjusted means for tttis 1x5 analysis order the groups from 
highest to lowest performance in the order 2M, U3, U2, Ul , M. The 
associated probstbility that this trend is not a chsmce occurrence is at 
most .001. Thus, tnere is little reason to believe that observed 
performance differences on this subtraction test v;ere due to differences 
in achievement caused by inctructional variation. While the ad j vested 
mean for the group 2M is the greatest, the mean ' time for the 2M grour 
was also hiaher than the mean time for the other groups. 




Table 17 

Means (X) and adjusted meems' (AX) for subcraction-with- 
regrouping total test scores by groups and the 
significance level of the F-stati3tic for the 1x5 
analysis of covariance with KeyMath and IQ scores 



Group 




Ul 


23.40 


■ 24.47 


,U2 


23.80 


24.49 




> • 


U3 


28.00 


28.56 . 


M 


27.50 


22.93 - 


2M 


33.75 


35.26 



739 .999 



y 



The following summarY remarks concerning the data for evaluation of 
children's performances on addition and subtraction of numbers named by 2- digit 
numerals is offered by the investigator. 

*1. For developing in secona graders skill and understanding for 
additxon and suburaction of numbers named by 2-digit numerals the 
abacus, counting sticks, and Dienes blocks are equally effective 

■as single manipulative aids. 

* 2. There is in this data no evidence to suggest that the multipli- 
city of' types of manipulative aids is a*" important variable. for 
developing in second graders skill and understanding of addition 
and subt|raction bf' numbers named by 2-dijit numerals for which the 
algorithm requires regrouping. 

There is evidence in these data to suggest that (See Tabl 15) 
second grade children who 'ji5;p ^anipulji^^ve aids in learning concepts 
of addition ^nd subtraction of numbers -yarned by 2-digit numerals 
are better able to display understanding of these concepts. 

The children's resL^nses to questions asked m Ir.terv\^-^w 2 were net ceded 
into the SIX cate':;ories discussed c. ..age 63. Although an attenpt was m 
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,to do so, the questions posed in interview were unfortunately not 

of the type to evok<» cace^orizabie responees* {El^lbo/at^on upon this 
is given m the Discussion Section of this report. ? 

* * 

The fourth gnd final interview was concerned i^ith an evaluatJion 
of the children's concepts of 3-digit nuir^e ration. Also, it was concerned 
with further evaluation of their u*ider standing of place value oucsaration, 
addition,, and subtraction # and tJ-ie regrouping process as exhibited bj* 
their abilitj' to transfer and extend the algorithm for fi^dditlon *nd 
'subtraction with regrouping for 2-dig£t nun^rais to 3-digit Jiumarals. 
Children were presented with situatijon^ which req\iired thejs to display 
3-digit nuinbers wjtb objects and to regroup .the objects to nv^re or fewer 
hundreds or tens, while keeping the total rtXimber the sajne* Addition 
and subtraction probleics involving 3-digit numerals whic^ reqxured re- 
grouping were presented, and children were asked to solve thc&e with 
famiiiar and unfamiliar manipulations and also sy^nbolically without che 
aid of magipulatives. Also, two problems involving the concepts of tsjore 
and less 5>ere given in the context of 3-digit numerals 

The evaluation questions were determined ir. advinc^ by the ev^alaa- 
tors, according to the objectives of the'writter. teaching tnaterial^ aid 
the objective of evaluating for transfer of leammt,* the quesucna and 
test materials were presented to the childr^ according tQ a prt '•i^'ten 
script. The compl*?t^ script for this structured^ •nterviev is contaln»=-Jf 
m Appendix E. . * . 

Shown m Table IS (shown on the following j p^iqes: is the profile 
sheet used to record t) e information about ea^h trhu^d^s perforTW>c< htid 
also the number and percent of the children i.-, eauh qyoup who were Juagod 
by the evaluators zo have y^erformed satisfactorily qr ^stctt itexr.. 



Table 18 



* Student Profile Sheet for Interview 4 with the nuzaber cind percent cf students* 
who responded correctly to each item byi, qxoixps 



Item 


Skill Score 






Understand Ing 














Group 




















Score 
































•I 


• 












* 


Ul 




.02 
















C 






Read . 


0 


1 










5 




ii 




o 










*+ 


• 


5' 












Show 


u 


1 




5 




5 




6 










3 




5 












*4hat no. 


c 


I 




2 




2 


i 

1 


2 






3 




2 


- 


1 




• 








Regroup 


0 


1 


2 


ol 


I* 


o|3 ' 








«l 


.3 


H 




0 


3 










V/hst no. 


0 


1 








3 




6 






-3 








o 




2 


Read 


0 


i 

; 

1 1 

1 














5. 




6 




1 






U 




5 












Show 


0 


1 




^5 


•1 


5 

« 




✓ 

0 






if 




i| 




5 












What no^ 


0 


1 




5 








6 










li 




5 












Regroup 


0 


1 


2 


o; 


J 


o]3 








•3 


o| 




2.1 






r 






What no* 


0-1 








2 




6 










3 








3 


Show addends 


0 


1 2 










i 

;i 

f 




1"' 


h 


2 

t 








3 




2 














A*5 swer 


0 


1 


t 


2 


0 


3 


2 


h 




1 


2 








2 


u 


Show addends 


0 


1 2 










i' 


If 


1 


It 




h 




!- 

1 


2 


1 






3 










An swer 


0 


1 


2 


3 




1 


2 


h 


3 




r 

i 


3 




1 


2 


2 


5 


Show minuend 


0 


1 














c 
-/ 




: 5 






2 




2 




3 












An swer 


0 


1 


2 


2 ' 




0 


3 


i 

11 

i 


h 






2 




2 


ill 


6 


Show minuend 


0 


1 


e 












c 
-/ 




b 






2* 




2 
















Answer 


0 


1 


2 


2 


V 

\ 

\ 


1 


2 




2 




1 


/ 






2 


1 



84 



I 

-I. 



^ Table 18 
(continued) 



Skill Score 



Under standing? j 
Score !• 



Croup 



iUl U2 U3 M 2H C 



T 



0 1 

Answer 0 12 

Read answer 0 1 



; Explain 



C 1 2'2 |1 



5 

2|l 
5 



1 

2" 

.J. 



if 

2 



12 15 



3- 3 

2 ll 12 [l 



o[5 
5 

\c\5 



Read 0 1 

Answer 0 12 

SHead answer 0 1 



; Explain 



0 1 2:3 



5 

o |l 
2 U 



!2 



2 il 1 



2- 2 



1 0 



o o 
5 

21 



; Show 
addends 

■ An swer 



012c 
0 12- 



I 

3 : 1 



2 0 

2 ; 1 



2 'd 
12 .1 



2 - 
1 1 



IC 



! Show 
; minuend 

Answer 



0 1 .f* !.3 



0 12. 0 1 



12 



2 11 O 



if 

12 2 1 



11 



0 1 



I if 



Explain 



0 1 2 2 |g ' 1 



12 1 



2 0 I 0 c 



12 



Higrht 



a 1 



, E:xpla In 



,- .0 i3 

0 1 2 ,1 0 ! 1 2 



i2 



;c|2 :^jD.2|2 



13- 


Answer 


0 1 i 

i 




if 




2 


5 




3 


3 








j Explain 

• 1 


0 12 


1 

— — 


3 


I 


1 


3 


>- 


p jo 


'1^ • 



Table 18 
(continued) 



Itea 



Skill Store 



Understand Ing 
Score 



Group 



Ul U2 U3 



28 



Answer 



0 -1 



Explain 



0 12 



2 U' 

oil lO ' 



3 .0 



, 1 



3 0 



15 



Answer- 



0 12 



3 3 



3 !l 



In Table 19 (shcvn^beicw) are presented adjusted and unadjusted 'means 
fojr the five axperinental groups for skill and understanding scores derived 
frciR Inter/lew 4, The means were adjusted as dej^cribed for Interview 1 scores. 

Table 19 

Means (X) ind adjusted means lAX) for Interview 4 skill and 
' understanding scores by groups and the significance level 
of tfhe F-statistic for the 1x5 analysis of coveuriance with 
KeyMath and I.Q* Scores. 



Group 



Skill 



X 



AX 



X 



Understand in^ 



AX 



Ul 


14.60 


15.08 


22. 


23.17 


U2 


iU. 00 


lii.lij- 


19.00 


20.17 


U3 


15.33 


15. '^o 


,19.83 


20,93 




15.25 


13.19 


22.00 


16.35 


2M 


14. 00 




17.75 


19.34 



1.157 .-"^k 



958 .999 
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The aajusteS B^ans for the skill sc<>res order the gxct^c frdm 
highest to lowest perfox^nco in the order 03/\01^ 2Ht UZ, For 
the undsrstiinding scores the adjtist^d laeans order the groups as Ul, 
03, 02, 2H, H» hlso presented in Table IS is the F-^statistJLc and the 
significance of the F frosa the analysis o£ covaj^iance v*id: vas con- 
ducted to determine %?hether there are atat-iatically. significant 
differences between any of the- adjusted ^oup jsean$. ihe analysis waa 
coaductad u^ing KeyHath and IQ scores as covariares* This information ^ 
suggests that the data tifen^i for the sJcili scores has associated with / 
it a probability. cf\bnly. .64. that obj^^ed diff^ncea are otho^ than , 
a chance occurrence^ the data trend for the understanding scores has. 
a probability of 'at mat •001 that the differences are other than a ^ 
chance occurrence. / 

Similajf data concerning ^e analysis of ^ata includying the c/ntrol 
gJroup is given in Teble 20 (below) , The data indicate that the' control 
group perforssad lower than any of the experimental groups* Moreover, 
these data' trends have associated, probabiii^es. of ^•68,. and .96 for skill 
and understanding, respectively, that the obs.drved differences are n6t 
due tc chance. / , ' 



Table 20 

Means {X) and adjusted nseans (ilX) for Interview 4 skill ^ 
and understanding scores by grot^s and the significance / . 
level of the F-statistic and the 1x6 analysis cff variance, 
with KeyMath scores,. 



Grouf) 




Skill • - 




> ■ 

Understanding 




AX F 


P 


X AX' -P : 


Ul 


Xh. 60 


1 

15.63 




22.40 25. II" 


U2 


j^lU. 00 


14.87 




19.00 21.30 


U3 • ' 


15-33 


16.16 




19.-83 21.99 


K 


15.25 


13. 




22.00 " 18.56 . - 


2M 


l^+.OO 


15.21 




17.75 20:94 


C 


li^.80 


11.98 




18.60 -11.19 






1.24i*. 


.322 


2.869 .038 
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^ In addition to the interview evaluation conducted by th^ evaluatots, 
the investigator* in conjunction with the group teachers, prepared a jiaper 
and pencil test to measure the children* s ability to perform various place 
value tasks* The pJace value te:3t was written and administered in seven 
parts. Part I of the test presented children with 12 pictures-of-manipula-' 
tives displays for numbers named by 2- and 3-digit numerals, and the children 
were required to writ6 the corresponding numeral* Part II of the test pre-- 
sented the children with 4 pictiire-of-aanipulatlve displays.. The teacher 
wrote the corresponding numeral on the chalkboard, circled the hundreds* 
tens* or units digit, and the children were required to circle the corres- 
ponding part of the picture* Part III presented the children with 6 picture- 
of-manipulatlve displays for 3-digxt numbers • The ^children were required to 
circle one of our numerals to indicate th'e number shown • Part XV of the test 
presented the children with 4 picture-of-caanxpulative displays showing 4 
hundreds/ 7 tens^ and 7 ones. A number less than 477 was then written by 
the teacher on a chaLkfcoard* The children "were required to color the pic- 
tures of objects to indicate the number* In Part V of the test chiidren were 
presented with 8 numerals wrxtten in a plape value chart and were reqxdred 
to write the numeral'without the chart. Fart VI oresented Oie children 
with 6 written statements like 

hundreds 

ones * 

N 

tens 



and the children- were required to write the corresponding numeral^ In 
Part VII Che children were presented with six 3-digit numerals an^ were 
required to write the number whi(?h is 1 or 10 more, or less than the given 
number* ^ ^ 

In Table 21 (shown on the following page) are presented mea•^s and 
adjusted means for the place value test* Adjusted Deans for the 1x5 
and 1x6 analyses order the groups from highejit to lowest performance 
in the order 2M, U3, Dl, U2, M (control) • The data trend for the 1 x 5 
analysis has associated wifch it a probability of at most .001 that any 
differ^ince between the experijnental groups are other than a chance . 
occurrence. Howevei* the data trend for the 1x6 analysis has an asso- 
^riated probabilir/ of about ^99 that the differences are other than a 
chance occurrence, i.e* ,'*possibly an instructional difference. It is 
apparent that the difference is between the control group and each of the 
jaxperimentai groups * • ^ 
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Table 21 

Keans {X) and adjusted means ihX) for plac^ vaxue test 
tot^ st?or?LS^Iiy groups and tht? ffignif ic&nce Xoval of the-^ 
F-st&^stlc for the 1x5 and 1x6 analyises ^of coyari?inc& 
with Keyl4at2i scores and with KeyMath ^^d Ift scores find 
^ KeyHath scores ♦ respectively # 







1 X. 5 




1x6 


Grout) 


X 


• AX ' - - P 


P X - 




1)1 






40.40 


42.46 


U2 


41.60 


41.67 


41.60 


43.34. .. . • 


U3 


ifl.33 


41.25 


^ 41.33 




K 


^il.50 


38.81 


4i;50 


38. 90 


2M 




43.46 


' 42. 25. 


44.67 


C 






33.20 


27.59 



. S87 . 999 [ 3.867 >012 



Some sumnwry reinarks wi-ixch reflect the investigator's. inter- 
pretation of these data foilor: 

1. For esctendinc second grader* s skill v3^<2 understariding 
of numeration to 3-digit ninserals* the abacitJb/ counting 

. sticks and DienejS blocks ap equelly effective as single . - 
manipulative aids. i . \ 

n 

2, .There is no. evidence to suggest that the multiplicity of 
taanipulative aids is an 'irtK>ortant variable for extending 
second grader*s skill and understariding cf numeration* to 
3-digit numeration. 

3* For developing in seco?^ graders skill axtd understanding * 
to transfer knowledge of addition and subtraction algorithmic 
processes from a^-digit to 3-digit iiumarals, the abacus, counting , 
sticks, and Dienes blocks are equally effective as single 
manipulative aids. 

4. Ther^ is no evidence' to suggest that the multiplicity of ^ 
manipulative aids is an important variable for developing 
in second graders the skill and understanding to transfer 
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^now lodge of addi.?:ion dnd subtraction aXgorithiaic processes 
fro« 2** to 3-digit nuiaerals*, < ' • 

5* Th03?e Is eV5,donce to suggest that the systecsatic .use of one or 
aiore manipulative aids incraaaes second gradors* skill and 
. wderstatiBing of nucseration and of a^j^itioa and subtraction 
algortfchms beyond cMldr^n who are taught in a mode in which 
laanipulatives are not a systematic part of the mstnsctional 
process; a traditional apprpach i.r which the Ins true- 

* Clonal process is more dependent on a conteisporar/ printed 
« textbook. . , 

The children's responses m Interview. 4 were coded into six categories 
discus^sed on page 63* the number concept indices* derived from this coding 
(see page 63) ^s presented in Table 22 (given below}. The number concept 
Index derived from this coding (see page 63) indicates the nuniber of correct 
resppnses in each of 5 categories {see page 63) as a percent of the total 
number of att»*stpt3 by groups. ' - \ * . - 



Table 22 . 



Suaanary of coded responses indicating the number of correct, 
responses in categories 1, 2^ 3^ 4, and 5 as a percent of* the 
total nujRber of responses coded. 



Group ^ 






Category 




s 


1 


2 


3 


n — 


5 




8.5 


26.8 




5. 6 . 


7.0 


U2 


7.0 


' 32. 


7.0 


#«2 ■ , 


• e..6 




6.8 


26.2 


3.9 .- 


8,7 ' 


10.7 


M 




' 37.1- 


0 . 


.;0 


24. "2 , 




0 


3^0 




8*6 ' . 


1.7 














c . . 


0 


- ..28.3 


■ 2.7 




■ 8.1 




10.9 


ti3.7 






i;- 5 



It is of interest co compare tl,e nunifcer concept mc^ces presented m 
Tables 5, 12^ and 22. V/hil^^^e percent* ox responaes, far all^ groups ccdsd 
category 4 s>^^ed a <'narked increase iri Interview t c»v^er Interview i, the per 
cexit in this categor/ again dropped m ^ntervxev 4* This ;s pror?ably due to^ 
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thg t^yf-e o£ taski^ in the various interviews ♦ ^th^ first interview dealt 
alioet exclusiveJy with.^laco value t^sks» Interview 2 with addition and 
subtraction without regrcft^ing, and Interview 4 was a combination .of 
plfic^ valtS© tasks and the application of place value concepts to addi- , 
tion and iiubtraction in which regrouping was required. One might con*- * 
jecture tnat che.regroi^ping activity elicits a behavior Vhich suggests 
a ** higher** number concept level than addition and s\4>traction without 
reg^roviping. ,^or problems that require no regrouping, it might be possible 
,to function quit© adequately by thinking abou€ the digiti|. of a muiti- 
4igi^t nuaferai.as separate entities,^. However, the regrouping forces the 
thinlfirtng to extend to a relationship between the digits of the nmeral^ 
or at least a laore accurate meaning of each digit- m the context of a . 
laulti'-digitr nxmseral. tt is not clear txm the .data whether or not 

* there is a cause and effecf relationship between level of nwiber concept 
and aibility to perfoncn addition and subtraction problem, that is, we 
catmot f . ^roni these, data ^ necessarily conclude that success with the a^di- 
tJLai-witi^regrouping algoritlwi is facilitated by, a •'higher** number 

* concept index,. It does, however* s^em reasonable to oonjecturcf that 
children who exhibit ]^ehavior^uggestive of a "higher" nuidae^ concept 

,are^moj^e likely t<?'have internaUjed the concept -bf ""te^^ 
idea^* That is, thai 10 ones becorims a unit of 1 ten^ that 10 tens 
becmD<*s SiUnit of 1 hundre^^ etc. • This ten-is-a-unlt** id^a seenis 
essential, for an adequate undorst^diny of pl^ce value numeration, the 
regrouping ,proct*ss and .the explication of these concepts to addition and 
subt:j^ction. Thus, to argtae that a "higher** jauiaber concept will facili- 
lata perforrsance on addition and subtraction with regrouping* appears 
plausible^ ' ^ 

Another obsorv^tion from Tablfe 22, is that the percent (about 70%) 
of r-ctspons^es for t^ie group Bxp If"*" 0 categorised in Categori-^s 1, 2, 
and 5, was almost twitee the percent (about 36%) for the coxrj^roi gro^ip^ 
BeCvalUng thitt the r*xp U IT and control groups were cc^par^le on 
protest scoi'es'of tho KeyMath one seems justified ^ qon^jaud^ (or at ^ 
least conjecture i4±at the systematic use of manipulatiye a^ds causes * 
second grade children to e#.lbit behaviors On place value tasks and on 
addition and subtraction with regroi?>ing tasks which are suggestive 
o£ £ '•higher'' l^vel of place value concept forroation.^ This, together 
with the f act^ that the experimental groups overall lincluding many very * 
less capable children than th^a control group) performed better on 
. Interview 4 tasks *and on the investigator-written nymeration test 
th&n did the control group, sugg'ests that this **higher** level number 
concept has a facilitating effect on problems involving the application 

* of place value conc^^ts* * One must, however, be cautious about this 
conclasiw because tne data de^ivecj to indidate the nxacber concept level 
Xiom^, from the same^ source as the <iata derived to indicate success of 
number concept app'ti cation. 
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To detemtno whether chare were differc*nccs amng tho groups on the 
retention o£ skills learned earlier m the year, an invest.£gator--wrltten 
retenl^lpn tesc vas adnanistered* . Sach of the thfec parts consisted of 
twelve Items d was adjatnistered as a power test. Each part of the test 
included basic fact probletns, problemiJ without regrouping and problems with 
re^ro^^int* Part I. ri, and III had only addition, only^ subtraction, and 
both additxon and subtraction Items, respectively. This test was admin- 
istered to the exneri'TJent^I groups and the control group. 

In Table 23 (given below) are presented means and adjusted meana for 
the S^etention Test for the I x 5 an-l 1x6 analyses. • ^ . 



Table 22 

^?eans iX) and adj^^s^ed means (AX) tor ^Retention Test total 
scores by group^i and the significance \evel of the F-statxsti^: 
for tiie I X S and I '4 S analysis of covart «ce with KeyMatb 
and IQ and with KeyHath scores^ respectively. — 



1x5 



1x6 



Group 





K 




Ui 


• 28.40 


29.64 




31.66 


28.0-3 
31.53 


M 


29*75 


2^.19 






26.58 


C 







7A3 . ■■»99 



3C.00 



A3? 
29.77 

^9,16 
32.76 
28.01 
33.37 
26.25 



.999 



Ihese ad;'isted means order '■Jr.'i ircu::;', fron? highes-r -o lowgat :'r. p«r- 
fomanct as 2.M^ 'JJ, CI, 'A. .M. 'ccatroi. . The 4at3 trends for iict."- 
1 x 5 and 1x6 .2.nal>*se3 hav*. asscciaced profcabxlities of at tsioat ..-.1 
observe-i iif t>rcr;rf^r ir^^ i-'.- --rr.vr thin 5 .hance •.5;urr.?nce . 



•una* 



ERIC 
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^ An ^Snd of the'Voar Hath Test:*' was wittan and sdraiiiistered by tho 
regular teadher of the class in which children of the exiieriixftjntal gtoxjBpn 
.vore enrolled. This test included items on cotanting sc^t;s of dotis, basic 
addition* and subtractic^ ^acts, adjiiUon ^ind subtraction with and without 
recrrouping £or 2- and 3-digit nuit«irals, and counting by l'*^, S*s, 
10* s and 100* The test vas*scored on a. basis of 100 ^points by the 
regular teacher. The adjusted and unadjusted iz^ans of these scores are 
presented dn Table 24 (given beicw) , These adjusted means order the groups 
froa highest to lowest performnce axrU3, 2H, XKT, U2, H. 



Table 24- 

Means .{JO and adjusted jneans (AX) for the regular teacher *s 
End-of-Year Hath Test total scores by groups and the 
s^ignificance level of the F-statisiic for the 1x5 ismalysifj 
of covariance with KeyHath and IQ scores* 



Group 


X 


. ' AX 




P 


vJl 


72.20 


77.99 


f 






6k. lyQ 


65.29 








79.60 


80. 31 






M 


* 72. 50 ' 


57.09 








72.25 


78.39 


i 


% 




' If 




1; 0^0 


' .407 



This data trend h^ an associated probability of oQly«c59 ^st the 
observed diffe^rences are pther than a chance occurrtnce. 

The Comprehensive Test of Basic Skills t^st was administered to the 
children in tlie exper:ijnental groups as part of the school district's • 
regular testing program. The scores obtained by the experimental"' group 
children were m&de available by groins to the investigator. In Tables 
25 # 26 r and 27 (given on "the following two pages) are presented adjusted 
and unadjusted means for CTB£ comprehension, application and total 
scores, respectively. The adjusj^ed n^ahs for the CTBS cosyrehenslon 
scores order the groups fro© highest to lowest performance as 03, U2, M, 
2M, 01* These adjusted means are very close and have anprobability* of 
at vpst .001 that the differences are other than a.>€hance occtirrence* 
The adjusted mean application scores order the groups as 01, U3, 02, 
2M, H with an associated probabirlxty of .82 that*the differences* are 
other than a chance occurrence. The adjusted means for the CiBS total 



scores ordor the groups a« m. Ul, U, ZH» and this data trend has an ^ 
associated probai?tlity of at r?ost. .001 that tiio dif forenc^s'^aro other than 
chajico occurrence^ 



\ 



Table 2? 



Means and adjusted means (AX> for the CTBS cocjprehenslon 
test scores by groups and the signtf ica/^ce level of the F- 
staustxc for the 1 x % analysis of covarlancq with KeyMath 
and IQ score. 



GroUp 


X 


* 


AX 






li*.80 




15.62 






16.00 




16. 69 


• 


^ U3 


18.00 




17. eu. 




M 


20.?5 




16. 53 




2M . 


""is.oc 




' 16.30 












.2UC .999 








Tabler 26 






Means (X. and adjMted Jteans (^M' for 
•lest scores by groups ahd the*3ignifi: 
?*3tati3tic £or thi» 1 x ' itnalysia of 
.^d score'4. 


the CTBS application 
ance level of the 
ccvariance with KeyK^tn 


Group 


X 




. AX 


. r ■ P 


Ul 








<> 


uz 






It. 
















1".«;5 


• 


13. U 


• 


• 2M 


14. rr, 




• .- " ' ^ ' 


1. . <iu-e 
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Table 27 

Heiins tX) dad ^^djuawd r^^ms (WC) i6x CTSS total, test 
scoros by, groups and thjo signifij^ce lc?v>l of .thu Ir- 
statxstxc for the 1x5 dnalyc^ of covarisjsc*^ with 
KeyMAth find IQ scores* 





Group 




/ax 






' Ul 


32.60 




* 




U2 


32.20 


33.30 




J , * • 




3^.67 


35.^*9 








38.00 


29.60 






2M 


29.00 


31.93 












, . . 780 ■ . 999 



Each of the 4 interviews had itecifj which required tho chwtldren 
to display their fakill and xirdlrstanding of concepts by using 1^ 
i^aipuldtivo Aid Khich nev xjo thei^-th^it lo, oijo which^had not b<>tn 
used in any of 'the teaching 'gr^Di^s. ' Although' it w^js bellovod that these 
"new nampulativcs" woul^J not give *a testing advantage to any of the 
groi^8# they were ciassifiable into the saifj© category of essbodir^TTt as 
Dlenes blocXaj that is, I hundred and l^ten we're not deccsspo^abli^ into 
it) tens and lo ones, respective iy". 

Means *nd ad^^ted t&eans derived froc^ th€' 1*6 analy&is of ccv^ 
nance with KeyKath towal scores axe given m Table 28 {given on the 
following page)* These adjusted ueans order the 'Jroiqss fross highest to 
lowest performance as U2* CI, 03, 2H* H> This data trend has an asso- 
ciated probabljLity of 0*84 that sosse o^^served difference (s) arp due to 
an instructional differ^iice- ^ ^ . ' 

It IS mtercs'cing to observe th^at acdbrding to the adjusted r^ans, 
each of the three teaching groups m which thlldrer ^ Icamii^g depend^^i 
on a singfb eriboAlDent outperformed thc^se groups which u£^ several 
eiabodirientB , In some sense one ciight believe th^t the ability to 
dciconstrate skill an«? understai^ng with a new eab^^i^nt reflects th^ 
extent to which the children have abstracted »:he conc^tC^). This is 
contrar/ to expectation! however, to the extent that we can have- fax tti 
m the s-tatistics due to the snail saisple size, it coes api^car do«ibtful 
that children naviug had experience with learning i^^^ fi<»verai etnbodi- 
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children learning from a single embodiment. It is emphasized that this 
observation is v^ry tenuous and requires further investigation. 



Table 28 

Means (X) and adjusted means (AX) for items involving 
a new manipulative from ^terviews 1, 2, 3, and 4, by 
groups with KeyMath scores. 





Group 


X 


AX ^ 




Ul 


17.80 


21.68 




U2 


19,00 


22.29 • 




U3 


14.81 


• 17.92 




M 


19.25 


14. 35 


o 


2M 


11.75 


16.31 


I 




23. OG 


12.42 



1,780 



0.158 



Shown in Table 29 (given on the/ following page) are the results of 
a 1 X 6 analysis of cov^riance to determine which achievement differences 
exist Detween the Exp H U H" group and the control group on the several 
evaluations • 

The split-Half reliability for selected investigator written tests 
^are given in Table 30 (given below) . 

Table 30 

Split-half reliability cc5ef f ici^nt^ for selected 
invescigator, written tests. 



TEST 



RELIABItlTY 
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Additioi^ without regrouping 


0. 


80 


Subtraction without regrouping 


0. 


■84 


Addition with regrouping 


D. 


92 


Subtraction with regrouping 


0. 


98 


Retention test 


0, 


91 



( 

Table 29 

Means (X), adjusted means (AX) and and P Values 
for Exp U K "^and -Control for each evaluation. 



Evaluation Group 





IT y 




C 










Y 




Y 
A 


HA 


r 


p 

r 


xnuervxew i b 






ID. OU 


lb . 


/ « y 


* 

u • uuy 


U 


11.25 


11.78 


8.30 


7.55 


7.215 


0.012 


Interview II 5 


. J / 


• 


Ol« DU 




1 . b4^ 


U . iifll 


U 






^J. . oU 




fi . lyO' 




AuG Vi/U 














regrouping 


28.37 


28.41 


29.20 


28.24 


1.087 


0.376 


SuJbt. W/0 














regrou; ing 


29.75 


29. .80 


29.80 


' 29.72 


1.263 

« 


0.325 


Intervflw III S 


17.25 


17.43 


15.20 


14.^1 


1.811 


* 0.212 


U 


33.13 


33.55 


19.80 


19.12 


> 

6.886 


0.013 


Innerview III S 


17.12 


14.80 


17.37 


14.30 


2.827 


0.105 


U 


26.37 


26.66 


18.50- 


18.13 . 


6. 334 


0.016 


Numeration 


^4.S'7 


33.20 • 


45.88 


31.58 


5.978 


b.oo^ 


Retention 


32.88 


02.98 


30.00 


29.74 


0.749 


0.999 
• 



N=8 and 5, respectively for Exp U H" and Control. 
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I/I, smmy, cowciusiows, discussion mv REComuvArroNs 

The teaching experiment reported herein had as its ittijor purpose the 
collection and interpretation of essentially qualitative data. The 
objectives were to identify important variables concerning teaching and 
learning through the use of manipulative aids, and to state certain hypo- 
theses concerning these variables. 

The experiment was conducted a public elementary school ir* a south-- 
eastern city of 86,000. The area served by the school includes many fcx*uilies 
of low socioeconomic status and, also, the married student housing complex 

a large university. The duration of the experiment was most of a school 
yecir — mid-October' to the end of the school year. ' 

' Initially, ?he 30 children in an intact second grhde class were 

assigned to one of five teaching groups according to, a stratified random 
pracedure. This resulted in 5 groups of. 6 children ^which were comp^retble 
in mathematical. abj.lity as measured by the KeyMath Diagncstic Test. After 
attrition, the exoerimental groups, had 5,, 5, S, 4 and 4 children. The 
experimental groOps were ident*iied according to the embodiment which 
served as the learning aid for the group: Ul — counting sticks, U2 — Dienes ' 
blocks, U3 — abacus, M — counting sticks*, Dienes blocks / and abacus, 2M — cour.t* 
ing Sticks and 'inifix cubes, Dienes blocks and grid paper, abacus and 
counting chips. ^ * 

Teaching materials were developed for the experirtient so that teaching 
was co^nparcLble across the five experiitiental groups' except for the emlyodl- 
ment used for the group. The development of the materials represented a 
standard sequence for topics relate^i to place value, addition, and subtrac- 
tion and order concepts. The lesspn^ were developed m groups according to 
*-*the following topics: 

1. 2-digit numeration. ''^ ' 

2. Additior. without regrouping 

3. Subtraction without regrcucmg. 

4. Addition witn regrouping. 

5. Subtraction witii regrouping. / 

r » ' ' 

6. 3-diait numerate Cin. 
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Evaluation of student progress was accomplished in two ways: 
*{1) Two P^6c principal investigators, other than the investigator for 
this experiment, conducted evaluation interviews with the children; 
(2) PaDier and pBocil tests written by the investigator ox the regular 
class ^eacber and also standardized tests were administered. 

/ ^ . . ' , ' 

^ Although a number of covariance analyses of the data using SPSS 

Program' ANOVA were conducted, the eotoha^is of the data analysis was on 

ob<5ervation of data trends and "dat:a^sno6j3in^^ ♦ * 

In Table 31 {given on the foll^ringpage) are presented the 
orderings, by adjusted means, of the' ejqperimental and control groups 
from highest to l^e^t performance on each of the evaluations^ Also 
repprted is a probability whiph gives an indication about whether or 
not there is a difference between two or more ^roup jmeans attributable 
to teaching effects than to a chance occxirrence\^ ^ ^ ^ 

Due to the small sarople sizes in the treatment groups considerable 
caution must be exercised in the interpretation of the trends. The 
following statements are offered by the . investigator, as plausihld" bon- 
jectures based on the data* . ^ - 

When used as single embodiments, counting sticks Dienes blocks, 
axid ah abacus ^are, for second graders:- 

1. Not equally effective for developing- the concept of 2~digit 
numerations, the abacus is le^ss effective* 

2. Eaually effective for developing skill and tmderstanding for 
addition and subtraction of numbers named by 2-digit numerals 
for which no regrouping is required. 

3. Equally effective for developing skill- and understanding for . 
addition and subtraction of numbers named by 2-digit numerals for 
which regrouping is required* • 

4* Equally effective for extending the concept of numeration to 
3-digit numerals* 

MuitipJ(icity of embodiments, in and of itself, provides a learning 
environment which when cocrpared to learning environments defin*ed by a 
single embodiment iSi for second graders: ' 

I. Superior for the purpose of developing the concept of 2-digit 
Inumaration, 

2» Not superior for developing skill and understanding of addi- * 
tion and subtraction of numbers named by 2-digit numerals for 
which no regrouping is required. / . - 
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Table 31 . , ^ 

Ordering of ertperimental and control groups from 
highest to- lowest performance by adjusted grot^, means 
a.id the probability (P) that there exists a difference 
between two adjusted means which is not a chance 
occurrence* 



Evaluation ■ ' Ordering of groups 



Xnt:erviev I 

- Slcill ^ 2M, U2, dl, 03 (C) " • *91 t.a3) 

Understanding . 2M, Ul, U2, U3,- M (C) ^6D (*^3i 

Intervii^w 2 , * * ' ' - 

Skill ' ^ Ul, U2, 2M, U3, (C), M , .11 (-66) 

Onderstandino U2, Ul, U3, 2M, M, (C) ^001 (,001) 

Addition W/0 regrouping Ui, 2M, M (C) U3, U2 " " .001 (-001) 

Subtraction W/0 regrouping U3, U2, Ui; (C) , 2M, M - .001 (-003,} 

Interview 3 / - «^ . 



SkiUl : 


U2, 


U3, 


Ul, 


2M, 


(C), M 


.001 


(.001) 


' Understand ng . 


U3, 


Ui.- 


U2, 


2M, 

« 


M, 


(C) 


.001 


(.95) 


Addiction W/0 regrouping . 


2:4, 


U3, 


01, 


02, 


M 




.98 




Subtraction W regroQping 


2M, 


U3, 


U2, 


Ul, 






.001 




■Interview 4 


















Skill 




C/l, 


2M, 


U2, 


M. 


fC) 


.64 


(.68) 


V Understanding 


01, 


U3, 


U2, 


2vM, 


M, 


(C) 


.001 


(.96) 


Place Value 


2M^ 


U2, 


Ul, 


U3, 


M, 


(C) 


■00_i 


(.98) 



Retention U3, Ul, U2, M, 2M, (C) , .001 (.001) 

Teacher Test U3, 2M, Ul, U2, M .59 

CTBS Cot^. U3, U2, M, 2M, Ul .001 



The .ordering of the experimental groups is based on a 1 3 analysis, the 
ordering of the control 9rcup is based on the 1x6 analysis, probabilities 
in parentheses correspond to the 1x6 analysis* 
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{continued from page 99) ^ ' ^ ^ 

3, Not superior for developing skiil and understanding of 
addition and subtraction of numbers named by 2-digit numerals 
for which regrov^ing is required. 

• • » « 

. 4* Not sxiperior for developing skill and understanding of , 

addition and subtraction algorithmic processes from 2- 
to 3-digit numerals. ^ 

A learning environment 'defined by a systematic use of one or more 
manipulati^ve aids compared to a learning environment in which this is 
absent is for second grade children: 

1. More effective for developing 2-digit nxnneration* 

2. More effective for developing the skill* and understanding 

of addition and subtraction oi •^2-'digit ,i:ujribers when no regrouping 
is required^^ ' / ' 

3. Mcftre effective for develpp;iiig tlje skill and understanding of 
addition and subtraction of 2-digit numbers when .regrovping is 
required. . - . • . ^ ' 

4. ^iddire effective for extending &kill and understanding concerning 

2- diqit nxmieira^ibn to 3-digit numerals. 

In three of the four interviews, th^ children *vS responses were coded 
by. the investigator into resjJonse categories representing a "level of 
numbers concept*' suggested by that bi^l^ior.* there were six levels of 
behavior identified which suggested one of the follpwing interpretations 
of |2-digit {an(J 3-digit) numerals. 

; 1. As tens and ones; for exajtcle, 24 as 2 tens and 4 ones. ^ ^ 
! Similarly for 3-digit numerals as hundreds tens, and ones. 

2. As a multiple of ten and ones; for example, 24 as 20 and 4 ones 
\ Similarly fox S-di^it numerals: as the s\m of multiples of one 
\ hundred and of ten ajid ones. 

\ ■ ■ 

\ 3* As ones; for example, 24 as 24 oneS- 
4» As separate entities; for exanple, 24 as a 2 and a 4. 

5. As tens and ones, Afith ones greater thari 9; similarly for 

3- digit numerals— as hundreds, tei^s and ones with the number of 
tens and ones greater than nine. 

6. Other; that is, responses that were not classifiable into 
any one of the other categories. 
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A». summaery of this coded data giving a nuifnber concept index for the 
groups 'is given in TaSle 32 (given on the follo^jing page). The ntorobers 
indicate the mean number , of correct respc^ses a^.a percent of the total ' 
nxixnber df attempt^ for each group. 

Sc^e observations about the collection and interpretation of these 
data follow. The coding of these responses was a post hoc of investi- 

gation, . That is^ neither the experiment nor the evaluations were parti- 
cularly ^ designed to generate this data. The coding of this data occurred 
as a result of observing the responses of children to place value and 
addition and subtraction tasks. It does appear that this might prove to be 
a useful criterion '.concerning the evaluation of childxen's development of 
arithmetic concepts- The design of experiments was especially concerned ' 
with: ^ (1) careful design of tasks so that children clearly exhibit beha- 
vior to suggest a number concep^t index; (2) investigation of whether certain 
methods of instruction are more effective in developihg a "iigh" number ^ 
concept: index; {3)^ theoretical work to develop a means to in^cate .a number 
concepit index ^wxth appropriate psychometriaTproperties so 'that reliab'le 
con^aijison can be made between number concept indices; and (4) the relation-*' 
ship between nuinber concept index and skill and understanding on other , 

arithmetical tasks and^oncepts* In short, while the notion of identifying 
svich a number poncept index^ for children ^appears to have potential as a ^ 
indicator of mathematical achievement,, considerable refinement of. the idea 
beyond the naive notion presented herein is necessary, - ' , ' 

Another post hoc analysis conducted on the, data derived frpm Inter- 
view 1, related to the questions of the relative succeps for high, taiddle 
arid low ability child|:en when resplonse modes were oralv stanipulative, 
or written- Again this "analysis was not part of the experimental design 
but was suggested instead from an information observation that low ability 
students, seemed t© perform nearly as well during the enactive (manipulative) 
phase of| instruction as did the high ability children. While an analysis 
of -data did not support a statement as strong as this,, it is apparent that, 
relative to high ability students, low ability students enjoy a much, 
higher • dj;qree of success when the response made is manipulative than when 
•the resj^nse made is symbolic. This inf<^patxon bears upon teachijig prac- 
tices in eleraehtary schools. However, i^)rmation available herein is, 
of course, t«^uous and needs further experimental support, . In particular, 
it is suggested that research be conducted to give indications about the,_ 
relative success of high, middle, and low abilitj' students when stimulus 
and response modes are p^resented to children within all sixteen cells cf a 
4x4 taatrix having oral manipulative, pictorial, and symbolic modes of 
stimuli and responses, respectively, cn each <5f the two dimensions of tV-e 
matrix. Also, research should be addressed to identification of factors^ 
in addition to mathematical achievement, which cpncern the questions .of 
which of the sixteen stimulus- response modes^ best enabler a particular 
child CO communicate his andetstandrng of a mathematical concept* ^ We need^ 
to keep in mind that some cnildren's apparent nonsuccess at a given mathe- 
matical task m.iqht be related to a lack of understanding of the task or 
an inability to communicate; the appropriate straulus-response mode mighw 
facilitate both. 
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Table 42 



Sunmiary of ninober coryqept indices for Interviews 1, 
.2^ and 4* as a percent of rius^ber of responses coded 



Group Interview 



Category 







1 


2 


3 


4 


5,' ■ 






1 


30. 4 


7.3' 


10.1 


2.9 








2 


3.2 


.14.9 


3.2 

* 


26.6 








4 


8.5 . 


26.8 


4.2 


5.6- 








1 


40.8 ' 


.16,3 


4.1' 


6.1 








2 • 


0 


• 46,8 

! 


0 


18.1 






« 


4 


7.0 


32.4 


7.0 


4.2 


: 8.6 






1 


18.3 


16.9 


9.1 


2.6 


• ; 




03 


2 


0 


^ 40.4 


4.3 


31.9 








4 


6.8 


26.2 


' 3.9 


8.7 


10.7 






l" 


44.7 


10.6 


12.8 


4.3 






M 


2 


0 


19.2 


" 5.1 


14.9 








, 4 


9.7 


37.1 


0 


0 


24.2 





1' 39.6 3.8 

2 7 0 24.3 
4 0 34 . 5 



1.9 

4.3 
0 



0 

10.0 
8.6. 



1.7 



1 


27.1 


11.9 


. 18.6 


10.1 




2 


• 0 


14,7 


2.9 


39.2 




4 


0 


28.3 


2.7 


13. S 


8.1 



Exp w'mr 2 

4 



50.5 


19.4 


9.7 


1.01 




0 


50-8 


3.4 


IS. 8 




10.9 


43,7 


' *4.6, 


*5.7 . 


15.5 



.1 i i> 
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mscussm m ' recommevoAttows. 

As indicated by ^e brief xfeview of ^related research as well as the 
results ,of this study, questions about hoU the use of manipulative aids 
affect the teaching and learning of mathematics nave not received defirutive 
answers. As a result of investiigation of the datB produced in th?s te^^hiitg 
experiment together with inforroat^ion cbtained £rom many hours of obser^/ation 
of children and teachers working systematically with manipulative ilids, at 
least the following is clear: 



^ereas,,it apparent that the use of manipulative^ aids does 
facilitate children's learning of jnathematics, their use does not by any 
mesns constitute a panacea for overcoming difficulties in the learning of . 
mathematics, nor, are procedures " for the effective use o'f manipulatives well 
defined. Moreover, the question of whether or not teachers and children use 
manipulative aids in the teaching and learning of math^atics is not to be 
confutjed with the question of whether the learning taking place 'is rote or 
meaningful. . -It is apparent that children can and do engage in rote marii^u-- 
lation of ob'^'ect^ 3S well as rote "iruanipiaation" of symbols. Tha chances 
for meaningful learning are increased through the systematic use of manipu- 
latiyes, but manipulatives do not inherently provide for non-rota learn- "^g. 
Many will immediateljr argue that this Is a restatement of the obvious. Thi,s 
1^ not really the case^ since the many questions of how manipulative aids axe 
used' by. teachers and children to facilitate learning. are complex, and the 
lack of precision m ans\**^rs suggested by writers to date ds^ greater chan 
iiJjagin'ed. 

Although an ciduit who insiders the questions of how the manipulation 
of objects and syrriboiism used to record these manipulations are related ma*/ 
observe clearly the relationship, the same is far less clear for youxig 
chiidren.. The bridge between manipulation of objects to demonstrate _ 
mathematical concepts and the corresponding ^xse of symbolism to record 
that manipulation is difficult to make. Moreover/ ther.^ exists in jihe 
IjLterature^ to the writer' 5 knowledge, no definitive means for aQiomgJLi^hing 
for children a meaningful relationship between the two modes of mathematical 
reptesentatxon. While it is true that many rapable hildren apparently are 
able to make th. s connection, the ability of average and below average 
children to do so is impressively weak. 

f*or the purpose of communicating about mathematital ideas at least 
^four modes of communicatid can be identified: oral, pictorial, manipu- 
lative, and symbolic. 'Questions about how dne or more of the rrcdes cf 
learning teaching and -ommunicatmg can be used to facili.tate others hav*'' 
not been addressed. Some writers conjecture that there are readiness 
factors related to the^ ability to meaningf -illy employ s^tniDOlization. If so, 
are the readi:,ess factors a matter of maturation or of education? Ar^» 
some children's inabiiities to deal with mathematical symbolism due %o 
a* deprivcp environment^ Would one observe, through systematic observat , 
or 4xperimentat^in, •rhat :hxliren whose early chilShccd was deprive i :t 
"ncmal'* exposure t*. tno 5ytnb*.i.xsnj rofr^Aini cation represented by traffi- 
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.«(ign6 a£ cartoon st|ripSf are the ones vho esqoerxte^nce the greatest 
'^fffcmpy ^i^th ineaningful use of psathematical symbolir.ation? 

Linguists have identified distinct stages in children* s understanding 
of* sentence strpcture, bot> frcm the synta^c and semantic striicture of 
sentei^ces* Eve 'Clark has reported L '•-^resting results ei>out children's 
understanding of words by guantity^ -more nnd less in particrilar. Our 
observatioxis witfein the second grade class in wh^. h we worked was that as 
late as second grade jaary children of averare an^ bt^la^ average intelli** 
gence make unusual responixes to directions f^r changing a particular mani- 
pulative representative of a 2- or 3-digit nikiber to be 1, 10, or IdO xtote 
or less* Many children exhibit difficulty ai^out tl\e relationship between 
*!»ore** and "add to** and between "less" and ''take away J' "That is, when 
aslked to change a display to show "10 jnorei" some children sejin conftised 

^ about whether to increeise or decrease the display and also ^±>out whether 
to use a representative of 10 or 1* The questions of what and how 
extensive pre^number experience is necessary tc develop facility with con- 
cepts of more, less, and one and ten more and less is a area for fruitful 
research in early childhood mathematics education* One wonders whether 
extensive experience with manipulative al-^s in the context ,of making sets 

•of morer less, one more, and one less, etc. would be of h^lp. 

Also linguists have identified very orderly stages in children's 
linguistic development. To this writer's knowledgt« the question of 
whether teachers of mathematics regularly use lxnguis4ic structures which 
are comprehended by the age groi5> has not been qeref ally invfc^&tigated. 
For example, which of the^ques^pn forms: "2 piu^ 4 is ^ 2 plus 4 

is what number?" Or "2 and 4 mors is . ♦ best understood by first 

and second gxade^ children? Such laiiguage usage should be investigated in 
the ?ontext o^ abstract 'mathematics and also in the context of manipulative 
activity^ Teachers e observed to say, "Take five of the blocks away 
frbm the 7 units*" Does the child hearing thi3 pick ^.at the words 
"S . . . "away . . .T* and become confused about whether to take av/ay 
5 or take away 7? Would a more appropriate sentence structure bn, "from 
your 7 blocks take away 5 blocks"? 

Again thinking of the stages of linguistic development in children 
^it seems that a con^arable development of syiabolic language might be 
-observable. It might be the c^e .that many children are expected to 
engage in uses 'of symbolic language representative of a "linguistic 
stage of develcpment"^ well beyond where they are developmental ly. 
Identification and characterization of fmch stages could prove bene- 
ficial, to** mathenyatics educa'tion. 

Some children are observed to continue to have cpunting difficulties 
on into and .beyond second grade. For exan^le, when asked tp_cpunt to 
determine the ntimber reprcsen^ted by a Dienes blocks display of 3 longs 
and 4 units, some children are obiserved to count 10, 20^,30^ 40, 50, 60, 
70, or 1, 2, 3, . . . , 7 while 'touching ec^ch object in tUm. It is 
possible via observation and experimentation, to determine whether such 
behavior is a result of inadequate counting skills, or perceptual problems 
or other learning handicaps? \*Jhat are appiq?ri?te learning activities for 
children who exhibit these difficulties? 
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Some children have -rcnsideraJble difficulty acquiring mathematical 
concepts from pictures • For e^air^le* when shorn a picture display of a 
Oienes blocks representation o£ the two'addeftds 34 «ui^ 23, seme children 
were observed to do 4ihe follwmg in counting to determine the nuiriber 
represented altogether by the blocks; 

10, 20, 30 (stopping and exhibiting behavior to suggest 
thfitt he knew he should tuove to the naxt set of longs and 
count these, but continue<l counting instead) 

10, 20, 30, 31/ 32, • . (st6pp£ng again and exhibiting . 
siMlar behavior.) 

t^hat percepturai. .;naturational or other psychological phenotoena e>cplaii. such 
difficult?/? Is it perhaps due to inaJbdAtty to perform multiple classificar 
tions? That is: roes the' child once having the 3 longe for 34 classified^ 
assart of this set e:cperience difficulty in reclassifying these Idng^ into 
a class containing these 3 -longs and the 2 longs^ for 23? P^resumably,. if a^* 
chilii had made this reclassification, he would be able to count 10^ 20, 30 
40, 50, 51, • . 5^* ' " r 

An attempt ,was made in this ^teaching experiment to, incorporate into 
the enactive phase of instruction in the 2M group the learning activity 
referred to by Wittrock as generative processing. As injlicated herein, 
the proposed procedure apparently failed to^accomplish . this. It is, 
however, still a viable conjecture that jJuch generative processing which 
rr quires the learner to go beyond imitative behavior with the manipulative 
aids may, in fact, be the sigaificant variable associated with effective 
use of mat)i:pulative aids* This may be an essential activity with manipula- 
tive aids to £$vrce the child beyond iriitative behavi6r/ avoid rote activity 
with the manipulative, and enhance the abstraction which takes plac^-from 
the manipulative embodiment. To test this conjecture it is suggested that 
investigation te conducted so th.^t the enactive phase of instrucp.on require 
children to: (1) Ssetend their ability to represent certain mathematical 
coftcepts from the manipulative aid first used In demonstration and 
practice to a "new" mani^pulati ve, and (2) Observe a nd e..plain the way(s/ 
in which the new manipulative embodies the concepts, and whether or not 
and hew ^tne embodiment features are alike or -different. ' For. example, xf 
a child learns via demonstration and practice (imitative behavior) to 
represent 34 as 3 longs and 4 units (Oienes blocks); then he would be 
required via generative processing figure out how to represent 34 wirji 
another 'manipulative aid. Dbvioue variaJsl«s are suggested at this point, 
the child can be expected to usie generative processing to apply to a 
manipulative m the «ane category or to a manipulation in another category. 
Mew ro^mipuiative aids »and thus subsequent generative processing) would 
be introduced into the learqfjmg environicent on a regul&r basis. Such gene- 
rative proces^Ang coula be considered within a uni- or tnulti - embodiment 
environment 'and the relative effective:, con^ared. 




The teaching groups for this teaching expexixnent *w^ire choaen bo 
that within each group there existed an extreme range of nihility, from 
very low to very high* The desi^ of th^ experixftent does not give 
indication about whether there are ability by tgipe-df aid interacticns, 
or ability by multiplicity-of-aid interactions, etc. 

*' 

The content of this teaching experiment dealt with the concept of 
plac» value numeration and the use of this concept in addition and 
subtraction. Basic to the concept of place value humeration is the 
systematic grouping of objects. In addition, the ability to use a grovp 
(ten objects for base ten numeration) as an entity of one is essential, 
fielated to this is the ability 'to observe that 10 object representatives 
of a unit equals 1 object representative of ten (i..e*, that 
i^-ieh •» 10 onefif) . There are numerous invostigable . questions related ' 
to children's acquisition and understanding of this notion. For estample 
do children more readily acc;;pt i ten as equal to 10 ones when the 
representative for ten is decoTi?>osable, into the 10 ,oae8 thitn^'when the 
representative for ten is not decon^jo^able but is in linear -roeasiJie 
equal to 10 ones or when it^ is^ neither deccmposable nor equal in linear 
measure to 10 ones? ' What age and socioeconomic differences a^r^ observ- 
able concerning the previous questions? What experience differences 
are observable? Can children Jbe taught so they internalize the concept 
of 1 ten as equal to 10 ones, ot is it related to maturatic^n? If it 
is related to maturation, what are some readiness experiences or 
indicator's related to the acqudlsition of this motion?' 
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APPEW7IX A 
■SAMPLE Of IMSTRUCnO//AL A4A71ERIALS 



4 



f ^ 



ERLC 



U2 - .U-NNon 2 • Two-Digjr I'^urncrals - Enactive Level * i 

tX>jectivc t Learn blCK'k d;<;pla>'& for two-digit niirieral^. 

""■""^ ' ' Children niiy \iivc oral responses to teacher mnipuiat :\c Uj-pi.n. 

and wiJl gu^a naripulative response^ to mnbcfN le^d orail^ h\ tin 
teacher . ^ 

t^terials - ^0 iongs and 40 mizs for each child. 

40 longs and 4'^ units 'fear th? teachef. 



ProccduTT . ■ Follow' the proc:edure suggested in OASS ACTIVITIES. 




WIT I IS. 



1. Wsplay 9 units. . .. ^. 

* Display lO' units. . - 



Do 1-1 catching of ^--set with subset 
of 10-set. 



Point to 10 units 
Point to 9 units. 



2. Display 10 units.- ... 

Displa> one long 

Line up tne units along the long. 

Point to the long ' • 

Point at the 10 units. 



By using questicoi. discussion, mo- 
tions, direct ctszcand, or vhatever 
is cotafortable to you, DlteT THE 
WILDREN TO: 



THE feiOCKS. ^ 
OJm WE BLOCKS. 

TEa HD^- ^m' HERE 
THAN- HERE. 

TEa TOAT TEN IS C!€ M3RE "TiAN NINE. 



CXDUVr The BLOCKS. 
. . . ^ CALL THIS A IWO. 

TELL HC> IN A LONG. 

TELL THAT THE .^^g^BER IK A LOfC 
IS THE SAME AS IcS BLX^S 



5.. Disr'a>- 12 units m one group. 



Change the U' units to one 10-set " 
(c<xmting as ;*ou do) and one 2 -set. 



Po'.;t at the ir^ set J.TEa mi MANTf BLOCKS ARE HERE 



Point at the 



mm TIS BLOCKS AS YCXJ POIKT. 



. .1 AND HERE. 



i 



Replace the lO-.t-t v.;th a long ..| TaL THAT xmXB IS A SET TEN .AND 

TW3 MORE. Ul 



Point to rhf 7-^#>f 


TELL THAT Vm\X?. IS ONE (jONG 

Till TM\T TWHLVi: IS ONE FLN .VNf» Hu) 
aNLS. 

O 

\ ' ' 


4, Display 14 blocks as one 10- set and a 


t • 

COUNTT ALL THE BLOCKS. ^ . 

IN EACH DISPLAY. 

TELL HOW MANY ARE HERE. 




5- Repeat 3 with^ixteen, fourteen, eleven and twenty- three 


■ - " - - - ■ ■ ■ — — 

6. Repeat 4 with sixteen', fifteen, arid twenty- four 


7. Give each child 40 longs andc40 units. 

Disolav one long and 4 ones... 

Point to the long and the 4 ones 


SHOW THIS MANY WITH SINGLE BLOCKS. 

TELt THAT ONE TEN AND 4 CNES IS 
FOURTEEN. 


Point to the long f 

Point to the long 


SHOW THIS WITH 5INGLE BLOCKS. 
TELL HOW MANY BLOCKS. 
TELL HOW MA.N\- IN THIS LONG. 
TELL THAT THAT THERE IS C.NE TEN' 
AND SEV'EN ONES. 


, Point to next long 


PUT DOWN 2 LONGS AND 3 ONES. 
TELL HOW MANY THIS IS. 

r 

AND THIS. . 

TEL^ HOW MANY TEN .AND TB^ IS. 

TELL HOW MA.NY MORE ONES. 

TELL THAT ALTOGETHER THLRE ARE 
TWENTY- SEVEN. 
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pirr OUT 2 xms, ~ nuxxs. 


♦ 


TTIL MANY- njlS \>. 








mi. mv! TLN A,ND m i< n\i.N'!^.\ 




TELL H05v MANY ALTOGflHI^K. 

** • 


Repeat^ this sequence with 3 longs and '2 ones 




2 longs and 0 ones. / 




r 

^/ 


8. ' * 


PUT an* 14 BLOCKS. 




MAKE THBl INTO A SET CF TH^ AND 






Demonstrate. 


* 




TELL THAT 10 BLOCKS IS THE SAME AS - 






• • 


REPLACE TEN' BLOCKS B\' LCHJ. 


Demonstrate'. 






TELL TTiAT EOURTSEN IS ONE TEN AND 




FCKJR C^. 




TELL BDW MANY ALTOGEIHER. 




Wr OUT 23 BLOCKS. 


/ 




' Demonstrate. 






MAKE A SET OF 10 BLOCKSs 


Denonstrate. ^ 





MAKE ANCflHER SET OF 10 BUXKS. 



Demonstrate. 

Point to one 10-fet TELL THAT TriOSE 10 ONES ARE THE SAf-lH 

AS 0^E LONG. 

Point to 2nd 10- set TELL THAT THOSE ARE THE SA^E AS ONE" 
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- 4 ► - 


L2-U2-I-1 ^1 






* 






• 




TELL TO\r mvnf-'mRrr is -nvo rtNS ^ ■ 








m THRi:n aNii«.. • . ■.: 




♦ 

* 


• 


TPrL m\ MANY ALi•0l:f^!^O. . ' 


> 


Repeat this sequence for 17. 






• 








'* 


Repeat this sequence ton 27. 




: 


4' 


• 


♦ 

* * 


» J* > 

ft ' 

1 ' ' , k 


♦ 




- 


> ' * » ' - . 


* 


« 




»* 

• 
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AmmnK b 



EmuAK^rs SCRIPT m 



\ 



irnmntw i 



i A. 



ERIC 



Write 35 on chart • 
Turn page. 
# Write 53 on chart. 



Read this for me. * 



Read this for Mt* 



(•2) 



Url te 53 on paper. 

Pointing to the 5 
Pointing to the 3 



Interview 

You said this (point) Is { 

Why Is It ( ^)? 

What does the 5 mean? 
What does the 3 mean? 



Write 2^ on chart. 



TV 



I think of Ik like this - 
twenty and four. 

IJow, you think of twenty- fouf • 

some other way. 

How are you thinking of twentyv^fo^f ? 



Hold up card 20 ^ k 



Ititervlew 

I can think of twenty-four 1 Jl<;^ t^fs 

{point to card), 'twenty pl^^ 
♦ 

Now, you think of^ tvi^nty-four 
some other way. 



%11 

1 / 



TV 



Have problem written on chart:. 
Give student a»woVksheet. 



tens and 
and 



ones 



Watch rhe* i wfll fill in the top line, 
(Write h tens and--^ ones) - 



r , Interview 

<> 

Point to third line* Why did you write { ) here. 
Point to 1st blank second 

line, '^hy did you write { J. 

Point to 2nd blank, second - 

line. Why iid you v/rite { ). 



Write 20 en chart- 



Turn page. 

Wri te 32 on c^art . 

Turn page 

ce ?0 on chart 



Now, ! want /ou CO wrfce the number 
* wh'ch is ten more* 



Wr^t'e- the nuffiber which Is one more. 



Write the number which is or<^ ten more 
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Hold Up ca -i 2C 

Point to firs: student 
response* 



Interv! ew ^ 



Whjy is th» . ten more than this 
{point to card)? 



,ljo1d' up card 32^ .! 
Point to second response. 



Hold-up -card 30 
1 

Point to last response. 



^ Why \$ this offe more than this 
, (point to. card)? 



Why IS this one ten.nx>re than this 
iO}nt;t6 c^rd):? 



TV - 



Have. 3 boxes with- 10 pieces 
' '^;of. candy in each, box on 
table. 

Open each box and show to 
student* 

Put 3 bosses in a bag. 



See, there are 10 pieces of candy In 
this box. 

1 put 3 boxes of 10 candles In the 

bag. 

J- 

Write on your paper, how mauy pieces 
of candy are In the .bag. 



Interview 

Tell me, how many pieces of candy 

are in the bag? 
How do you know? 



Display all aids 
Point to the aids. 



TV 



Choose one of these to show the 



number .twenty- three* 



U9 



Incerview. 



Let student select aid. 
When student flnJshes, say 
,what number did she say? 
P.oJnt to the st^udent's work- 



Why does this show ( ;)? 



&5 splays aJ l^aJds. 
Write 32 on board. 
Po\t\t to aids. 



TV 



! wane you to use one of these to 
show this nuinber* 



Let student select aid- 
When student finishes, 

ho id up card with 32. 
Point CO student's .vork. 



Interview 



What number is this? 

Why does this show { )? 



I nter VI ew 

Place 5« cups with !0 pieces of 

candy in each and 10 sinqle 

::ieces of can^y on the table* 

ia) Pointing with sweeping 

ti'.otion to aid Shew with t^ese 27. 

■Successful, go to Question 
ib) 

unsuccessful, shew 27. 
(b) Aointing with i»*eeping ' ^ 

motion to aid Show me the number whic*i is one more 



successful, go to (c) ' 
unsuccessful, show 28* 

(c) ^ • -What Is the number? 

(d) Pointing to aid * Show^ me the number wfilch 10 more* 
successful, go to (e) 

f 

I ft 
unsuccessful, show 38* 

(e) . »^ What Is the number? 
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Evaluation: 
Numeration (2-dig('^ 



H 
to 
to 



Student 



PHDC 1975-6 
School Interviewer 



Video 



Group 



(1) 



Read 35 as 

Read 53 asj 

Why 53 { ) 

5 ineans 



3 means • 



(2) 



Thinks of 2'i as 



-After 20 h, thinks 



(3) 



fens and 
(b) and _ 
(a) 



_ ones 
(c) 



Why (a) 
Why (b) 
Why (c) 



ten more than 20: wrote Why_ 

{k) one more liuw 32: wrote Why_ 

one ten nK^re thon 30; wrote , Why 



1^: 



ERIC 



Showed 27 - Yes No 



Showed 28 - Yes No 



Read 28 - Yes No 



Showed 38 - Yes No 



Read 38 - Yes No 




« 

• 



\er|c 



ProMcnisl^C: 1) S I) 50 Tj 40 4) :2 S) 46 C) 27 . 

t^. ill tl • ill l£i ' • 

Give t^he sti2ie?n uiiaior, >t***k;*i. tol'^^x J^TCCtln^:^ l-\ bclou\ i\z adutuas- 
page mid nrn'^vH - » ith i*/ oihv*r -"cie: Dit^ - t:^n 5 i^'u^^d only! Kit]} 

' • . 1. Pew iVi:. rr/i^ ]^-iK 



V 



Yel] h^»N vo;t ccf ibc an£-vr. 



4 

11 2^ L^l ill , 



ERIC - - i;^.^^. 



Siixctipa,! £cr chos.e pral>lcnis- art },i^vn orally, M* xnitten 5>"!5bcj isr.; i.j ijscj. 
if. a. So tit is p rcbl%:ni in your hc%nJ: 24 plu5 52 > 

'^^•l V ' ^'^ now >c:i .tot thu imf '.\cr . 

12. a* Civ: the si.uq^nr a bag **ni:4 25 pencils'* You have 23 p<Hic;U 

b* Shv^ «?ti b.\4 vie. ..5 p*^n>.il-. I hgive 5 penciL^ 

# * 

d. Tell vir how yy^\ not •'he ans^^^^r. 
13 ^a. Gi\- ^ : s*'uJ'7ni th3 r;:::ik witl: 52 cents, tq> ticked. 



You /^'/c 31 \.^-rr.- 



^ 0* T I 



I. 



the on,t\cr. 



14. av To ^H^--* crtM^jT^n ycrr he,'*^: 



^. . » v-.u •••'"t 1 '5'^ rn^i 



:r closed. 



V.J.. r-rv- 



ERIC 
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prob lci>i tliitit Aoes^ this pictu> » ^ ^ 
|f^>r^ * • " I, How con ^'o?i tell tlisf tbV problem does Vith the Tsicturcf 



,;^(|[|vrei,^^^ S-^s Kdwlix 10 beans in ea^ cup,. 10 loose bsans and tJie 



2 • mtli-thyf^e hy.v you voyIi th^ problem . 

3. VSisr. is the -e-nsv 



.V 



1^- 



&v:t t\{z Gt4%irAl 3 vrrKs^loeL Jbhacitig tl^e irJcmipulattive aid used vdt3i. his/hvir 
groOpv i^T u>.c M anr 2:: {;iOup5 U5e the>bacus for problem 20; sticlis fox 



2. a- jf \e,s; ;>c U iik ^ it j^oes with the piGture. 

ft 

b. If )io; - f,r:ncthjnr: to make k; right ; 
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•■.•9 



^^^^^01^::''!:"' ■■ '■ l/'jjus problem "Is harder fortes to xcorV.. 

. 2. QiTiyoii tell ms whv7 thiiik i t "is harder? 










1 


24) ;. 


50 .52 


2S) 


27 . .4i". 



ill-' . 



stel-^jit the order pocket •/ rollow* directions j^^ixcn holoiu 

1. K esd th e n uuibt^rs. ; - - ^ ' - ' . . 

2. SI. (24) Box -the nisi:Ber which is i nqre . \. 
, . b.(25) Circle .the number whlr.h. i^y Jess . 

^* "Toll Kie, hov/ ^icl you hiov/ that - wa^ !noi*e (less)': *' 

4. Wite one o f these (show cnrd vnT:h> aitdv) ber^ roniiT") 
to/mahe it trite , • , ^ ^ 

5. -(25 Ofil/) Give the students the uisiiipulalive aid(3} used in 

* \ * his/her grwp. Shox^ me v/ith the j; [ (one of these) 

why ^ ./-^is leijs than 




6- 
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Ammx. V 

EVALUATOR'S SCRIPT FOR 
iWTERt/IEW 3 



It ERIC" 
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4ttm 1. ■ (1) Read this. ( '"^ j^C -/ 

• . .. (2) Use these (or one o£ these) to show' this. 

• If no response: a. Show this (point to 3 tens) 

b. Show this ' (point to 15 ones) 

(3) Altogether these show what number? 

(4 J Can you make it so there are more tens? 

(5) Explain it to me. . ' 

(6) What number is this now? 

: . (Look for evidence of trade cf ten ones for 1 ten) 

Item 2. (1) Read this. ~Slll£^^ 

■ — ^ . j y i ^ 

(2) Use these (or one of these) to show this. 

(3) The (aids) show"wnat nuSrtyet'? — — 



(4) Can you use these to show (number) in another v\'ay? 
If no response: can you, make more ones? 



(5) The (aids) show what number? 

I tem 3. (1) Use these (or one of these) and show i.ie how to work 

this problem. * 

(-2-)-— Wh4t is fJTe answer? ■ — 

Item 4. Same as Item 3. ( 

^r"y^ Item 5. (1) Read this problem. ( v7 

(2) Do it. 
■"■ (3) Read the answer. 

(4) Tell me how you did it. 

« 

Item 6.. Same as Item 5. f ~ ^ \ 
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Item /• Materials : 6 aon- transparent cups with covers, 

[ " 10 beans in each cup, 20 loose beans, 

^ • ' and one empty cup-- ^ - * 

^ * (1)^ There are ten beans in this cup, ten beans in this cup, etc 

(2) Here are some loose beans, 

(3) Use the beans to work the problem 

(4) What is the answer? 



/ 



Item 8. Same as Item 7. f ^J) 
^ 

Item 9. (1) Read this problem 

I 

(2) Is the answer right? , 
^ • (3) Explain. 



Item 10 



Same as Item 9 



'/3 1 

-2d 



If items S and 6 were done wrong, 
ask to use aids . 



Iiem 5 . Show each number with aids, 
then vhe sum 

I tem 6. (1'' Shov: the rxrst dumber 

~ (2) Finish thft problem with the aids 
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AVPEUnX E 

EVALUfiJOn'S SCRIPT FOR 
IWTERITEW 4 



1 



7J 



Indirldual Testing 
Item 1. (1) Read this. 



(2) Use these (or one of these) to show this. 

If no response: a. Show this (point to 2 
, . . ^ hundreds) 

b. Show this (point to 13 tens) 

* c^^ Show this (point to 4 ones) 

(3) Altoge^ner these show what number? 

(If) Can you make It so there .are more hundreds? 

(5) Explain It .to me. 

(6) What niimber is this now? , ' 

(Look for evidence of trade of ten tens for one 

hundred) 

Item Z . (1) Read this. 

(2) Use these (or one of these) to show this. 

(3) These (point to aids) show what number? 

(4) Can you make it so there are more tens? 

V 

(5) These show what number? 

Item 3 . " (1) Use these (or one of these) and show me how to ^ 
work this problem. 

(2) What is the answer? 

Item 4 . Same as Item 3* 

Item 5 * Same^ as Item 3* 

Item 6 , Same as Item 3« " • 

Item 7 . (1) Rpad this problem. 

(2) Do it. 

(3) Read the answer. 

(4) Tell me how you did it. 

e 

Item 8. Saune as Item 7. 
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TFST No,, k Tj^ -2- * June 1976 

Item 9 * Materials ; l6 large 100- bean bags 

, 26' small 10-bean bags 
32 single beans 

(1) There are lOQ beans in each of these large bags, 
10 , beans in each of. these small bags and h^rs 
are loose beans, 

* ' V. 

(2) Use the beans to work the problem.- 

'Item 10 , Same as Item 9. 

■ *. 

. Item 11 . (1,) Is this rlcht?^- 

. • (2) Explain this to me. 

Item *^12 . (1) Do these (point to Card 12a) show this number 
(point to 156 on. Card Ub)*? 

(2) Explain this to me. 
Itga 13 . (1) What-is ten' more than 13'^'' 

(2) Explain, 
Item lU . (1) Vhat is ten less than ^53? 

(2) Explain, 

Item 15 - (1) This is I50 (point to I50 on Card 15). 
(2) Kow many tens? 

If no answer: Use the 10-bean bags to show me 
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